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PREFACE. 



The present work is intended to be placed in the handi 
of beginners, and to serre as an introduction to the larger 
treatiBe on Plane Trigtmometry, published by the author. 
The same plan has been adopted as in the Algebra for 
I Beginners: the subject is discussed in short chapters, and 
ft collection of examples is attached to each diapter; 
Many of these examples are original and have been cont 
stnicted with reference to the most important points and 
to the usual difficulties of beginners ; the rest haye been 
deriyed from College and Uniyersity Examination Papers. 

Especial attention has been paid to the numerical 
calculations which occur in Trigonometry, in order that 
the work may be suitable for those who wish to confine 
fhemselyes to the practical solution of triangles, as well as 
for those who intend to adyance in the study of mathe- 
matica 

The subject is arranged in the order which appears 
most suitable for beginners; an acquaintance with the 
books of Euclid which are usually read, and with the rudi" 
ments of Algebra, being all that is assumed. The first 
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fonrieen chapters present the geometrical part of l^lan 
Trigonometry; they contain all that is necessary for pracii 
cal purposes. The remaining chapters are of a more 
lytical character, and are important in the Theory 
Mathematics. It will be found that the order of stad|^ 
may be varied at the diteretion of the teacher, and the 
theoretical part taken at an early period. 

The range of matter injjuded is such as seems required 
by the T&rious examinations in Elementary Trigonometry 
which are now carried on in the eountry; it is hoped thall 
nothing has been omitted which usually finds a place ia 
such examinations* 

Any remarks relating to the book, and especially the 
indication of difficulties or omissions in the text or th# 
examples, will be most thankfully received. 
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TRIGONOMETRY FOR BEGINNERS. 



I. Meamrement qf Angles by Degrees or Grades. 

1. The word Trigonometry ifl derived from two Greek 
words, one signifying a triangle^ and the other signifying 
/ measure. Plane 'trigonometry originally denoted the 
science in which the relations subsisting between the sides 
and the angles ctf a plane triangle were inyestigated, and 
the modes of investigation were almost entirely geometrical. 
But now the terfn Plane Trigonometry has a wider mean- 
ing, and comprises investi^tions with respect to plane 
angles whether forming a tnangle or not, and the investi- 
gations are made by the aid of algebraical symbols and 
formulse. Before beginning the present treatise the Student 
should therefore become acfquainted with Algebra, At least 
as far as the soliltion of simpl^i equations. I^he parts of 
the elements of Eilclid which are usually read are also 
necessary. 

2. We have first to explain how angles are measured. 
Some angle is selected as the unit, and tiie measure of any 
other angle is the number of units which it contains. Any 
angle might be taken for the unit, as for example a right 
angle; but a smaller angle than a right angle is found more 
convenient Accordingly a right angle is divided into 90 
equal parts called degrees ; and any angle -may be estimated 
by ascertaining the number of degrees which it contains. 
If the angle does not contain an exact number of degrees 
we can express it in degrees aind a fraction of a degree. A 
degree is divided into 60 equal parts called minutes, and a 
minute into 60 equal parts called seconds: and thus a 
^>^ 1 
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fraction of a degree may if we please be conyerted into 
minutes and seconds. 

3. Thus, for example, half a right angle contains 45 
degrees; a quarter of a nght angle contains 22^ degrees, 
which we may write in the decimal notation 22*5 degrees, 
or we may express it as 22 degrees 30 minutes; one- 
sixteenth of a right angle contains 5| degrees, that is, 5*625 
degrees, or 5 degrees, 37 minutes, 30 seconds. 

4. Symbols are used as abbreviations of the words 
degrees, mintUes, and seconds. Thus 5° 37' 30^' is used to 
denote 5 degrees, 37 minutes, 30 seconds. 

5. The method of estimating angles by degrees, mi- 
nuteEL and seconds, is almost uniyersally adopted in practical 
calculations. Another method was proposed in France, 
towards the end of the last century, m connexion with a 
uniform system of decimal tables of weights and measures. 
In this method a right an^le is divided into 100 equal 
parts called grades, a grade i& divided into 100 equal parts 
called minutes^ and a minute is divided into 100 equal 
parts called seconds. On account of the occurrence of the 
number one hundred in forming the subdivisions of a right 
angle, this method of estimating angles is called the cenr- 
tesimal method ; and the common method is called the 
sexagesimal method, on account of the occurrence of the 
nimiber sixty in forming the subdivisions of a degree. The | 
centesimal method is also sometimes called the French \ 
method, and the sexagesimal method is called the English ; 
method. | 

6. Symbols are used As abbreviations of the words 
grades, minutes, and seconds, in the centesimal method. \ 
Thus, 5* 37' 30"' is used to denote 5 grades, 37 minutes, 
30 seconds in the centesimal method. A centesimal minute 
and second are not the same as a sexagesimal minute and i 
second, and the accents or dashes which are iLsed to denote 
minuter and seconds in the two methods are distinguished J 
by sloping in different directions. | 

7. In the centesimal method any whole number of 
minutes and seconds may be expressed immediately as a 
decimal fraction of a grade. Thus, 37 centesimal minutes 
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37 
are rrg of a grade, that Uy *37 of a grade; and 80 cen- 

30 
teomal seconds are f^^j^ of a grade, that is, *003 of a 

grada Hence & 37' 30'' may be written as 5**373 ; and 

since a grade i^ ( j^ j of a right angle, 5'*373 nmy be writ« 

ten as *05373 of a right an^le. Notwithstanding this great 
-adrantage of the centesimal method, the sexagesimal 
method has been retained in practical calcolations, be- 
cause the latter had become thoroughly established by 
long use in mathematical works, and especially in mathe- 
matical tables, before the former was proposed ; and such 
works and tables would hare been rendered almost useless 
by the change in the method of estimating angles. The 
centesimal method is not practically used eren in France. 

8. Although the centesimal method is not used in 
practical calculations it is customary to give an account of 
the method in works on Trigonometry; and it is shewn 
how to compare the numbers which measure the same 
angle in the English and French methods. This we shall 
explain in the next three Articles* 

9. To compare the number of degrees in any angle 
tcith the number qf grades in the same angle. 

Let D be the number of degrees in any given angle, G 
the number of grades in the same angle. Then, since 

there are 90 degtees in a right angle, r^ expresses the 

ratio of the given angle to a right angle; and, since there 

are 100 grades in a right angle, — also expresses the 

ratio of the given angle to a right angle* 

90 100 ' 



Hence 



1— 5J 



MEASUREMENT OF ANGLES. 

I 
The formula D = G^xrzG gives the followmg rule: 



} 



From tJie number of grades in any angle mbtract on^- 
tenth qf that number; tJie remainder is the number of ' 
degrees in the an^le. 

The formula G=D + ^ D gives the following rule: To 

the number qf degrees in any angle add one-ninth of that 
number; the sum is the number qf grades in the angle, 

10. To compare the number of English minutes in 
any angle with the number of French minutes in the 
same angle. 

Let m be the number of English minutes in any angle, 

H the nimiber of French minutes in the same angle. Then, 

since there are 90 x 60 English minutes in a right angle, 

m> 
— — gj expresses the ratio of the given angle to a right 

angle ; and since there are 100 x 100 French minutes in a 

right angle - ^ ■ also expresses the ratio of the given i 

angle to a right angle. 

^®^®® OOlTeo " 100 X 100 ' 

therefore m=^-|^;x«g ;x, 

and fx = ^yjm, 

11. Similarly^ if s be the number of Eng^li^h seconds in 
any angle, and a the number of French seconds in the 
same angle J 

g ^ <r .! 

90 X 60 X 60 ■* 100 X 100 x 100 ' 1 

., - 9x6x6 81 

, 260 

and o^-gj- ». 



EXAMPLES, L 6 

EXAMPLBa I. 

Express the following six angles in the French mode : 
1. 64* 2. l»2r. 

3. 6*18'. 4. 9«49'57". 

5. 27* 41' 51". 6. 67*-4325. 

Express the following six angles in the English mode: 
7. 30*. a 3«5(f. 

9. lOMSrsor. lO. 20«7T5Cf\ 

11. 31«7*60^ 12. 76»-452. 

Express the following six angles in both modes: 

13. ^ of a right angle. 14. ^ of a right angle. 

u o 

11 45 

15. T^ of a right angle. 16. ^ of a right angle. 
Id o4 

17. The angle of an equilateral triangle. 

18. The angle at the vertex of the isosceles triangle 
described in Euclid iv. 10. 

19. The sum of two angles is 30 grades, and their 
difference is 9 degrees : find each angle. 

20. The difference of the two acute angles of a right- 
angled triangle is 20 grades : find the angles in degrees. 

21. Find the number of English minutes in a grade. 

22. Find the number of English seconds in a French 
minute. 

23. Find the number of French minutes in a degree. 

24. Find the number of French seconds in an English 
minute. 

26. Find the ratio of an angle of 1* 26' to an angle of 
1« 25\ 
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II. Trigonometriccd Ratios. 

12. There are certain quantities connected mih an 
angle which are called the Trigonometrieal RctHos of the 
angle; in the present Chapter we shall define these Trigo- 
nometrical Ratios^ and demonstrate some of their most 
important nroperties. It will be seen as we proceed with 
the book that the whole subject rests on the definitions 
and properties contained in the present Chapter. 

13. Let BAG be any angle ; take any point in either of 
the containing sides, and from it draw a straight line per- 
pendicular to the other side: let P be the point in AC, and 
PJlf perpendicular to AB. We shall use the letter A to 
denote the angle BAG, ' 




The following are the definitions of the Trigonometrical 
Ratios of the angle A : 

^M perpendicular , „ , ^i. . r ># 

AM - . hose . „ , ., . i. ^ 

-^p-, tnat IS , 18 called the conm of A ; 

'At* hypotenuse ' 

"jj^i that is ^ ^ ^ — ^, is called the tangent of A; 

PM' *^* '"^ perp^icular ^ "^"^ *^^ co-tangent of A ; 
;g,thatis^^2(^g?«?iscafle^ 
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When the cosine of Aim subtracted from nnity tiie re- 
mainder is called the versed iine of A. When the sine of 
A is subtracted from unity the remainder is called the 
coversed sine of A, But the term verged sine is not often 
used, and the term eoversed sine is scarcely eyer used. 

14. The words sine, cosine^ &c are usually abbreyiated 
in writing and printing; thus the above definitions may 
be expressed as follows : 

. - PM . AM 

sm^=^, cos^=^, 

. . PM ^ ^ AM 

tan^=22r» ^*^ = PJ^' 

A ^P A ^P 

BecA = -j^y coBecA = -pjiff 

vers ^ = 1— cos -4, covers -4 = 1 -sin ^. 

15. The sine, cosine, tangent , co-tangent, secant, ease- 
cant, versed sine, and eoversed sine of an angle are called 
the Trigonometrical Ratios of the angle : it will be seen 
from the definitions that the term ratio is appropriate, be- 
cause each of the quantities defined is the ratio of one 
length to another, that is, each of the quantities is some 
ari&metical number or fraction. The Trigonometrical 
Ratios have been sometimes called Trigonometrical Func- 
tions, and sometimes Chniometrical Ratios or Functions. 



' 16. The excess of a right ande over anv ande is called 

f the complement of that angle. Thus if ^ be the number 
of degrees in any angle, 90 - ^ is the number of degrees in 
the complement of the angle. This affords another method 

i of defining some of the '&i^onometrical Ratios: after de- 
fining, as in Art 14, the stne, tangent, and secant of au 

^ angle we may say : 

the cosine of an angle is the sine of the complement of 

I that angle; 

the co-tangent of an angle is the tangent of the complement 
of that angle; 

the cosecant of an angle is the secant of the complement of 
that angle. 

. i -^^ t 
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For in the triangle P AM ihQ angle APM is the com- 
plement of the angle A ; and 

hypotenuse AP 

X *-r%TLr perpendicular AM. . . 

tan APM- ^ ^ , = ^rz— = cot -4 ; 

&a*^ MP 

A-ntM- hypotentise AP ... 

sec APM- -^^-r = -TTn = cosec -4. 

These results may also be expressed thus : 

the sine of an angle is the cosine of the complement of 
that angle; 

the tangent of an angle is the co-tangent of the complement 
of that angle; 

the secant of an angle is the cosecant of the complement 
of that angle. 

17. The Trigonometrical Ratios remain unchanged 
90 long as the angle remains unchanged. 




Let BAG he any angle; in ^0^ take any point P, and 
draw PJf perpendicular to AB; also take any other point 
P', and draw P'jSf perpendicular to AB, Then, by similar 
triangles, Euclid yi. 4, 

PM_P'M' 
AP " AP' ' 



i 
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that is, the tine of the angle A is the same whether it be 
formed from the triangle APM or from the triangle 
AP'M'. 

The same result holds for the other Trigonometrical 
Batioa 

Or we may suppose a point P" taken in AB and P"M'^ 
drawn perpendicular to AC\ then the triangles APM and 
AP'M" are similar, and 

PM r'M" 
AP" AP*'' 

18. We have now defined the Trigonometrical Ratios, 
and have shewn that each Ratio has only one value so long 
as the angle is unchanged: we proceed to establish certain 
relations which hold among the Trigonometrical Ratios. 

19. We have inmiodiately from the definitions 

. . . . PM AM , 
tan^xcot^=^^x;p^=l, 



therefore tan^ = 



therefore 



therefore 



Also 



cot^' 



cot^ = 



tan^* 
AM 



sec ^ X cos^ =-i-i> ^ -7n = 1> 
AM AP 



8ec^ = 



CQS-4' 



cos^ = 



1 



sec -4' 
PM 



cosec^ X sin^ = ■5-=> x ^V^= 1> 
PM AP ' 



cosec A = 



sin^ = - 



1 



tan^ = 



cot^< 



sin -4' "*""* cosec -4' 

PM PM , AM Bin A 
AM" AP * ^P"cos^' 
AMAM^ PMcosA 
PM AP ' AP ainA' 
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20. To shew that (an -4)"+ (cos -4)"= 1. 

^C7 



1 




In the. right-angled triangle APM we have 

p^p^^A^p=AI^l 

therefore -jp^ =1, 

therefore 'JP^'^AP^' I 

therefore (2fy + (^'=l5 

that is, (sin A)* + (cos -4)" = 1. 

21. With respect to the preceding demonstration ii^ 
should be remarked that it is shewn in Euclid i. 47, thai' 
the square described on the hypotenuse of a right-angled 
triangle is equal to the sum of the squares described on the 
sides ; and it is known that the geometrical square described 
on any straight line is measured by Uie arithmetical square 
of the number which measures the length of the straight 
line. From combining these two resmts we obtain the 
arithmetical equality -PJf*+ J[3/2=^P*, which is the foun- 
dation of the preceding demonstration. 

22. It is usual for shortness to write (sin Af thus, 
sinM ; similarly (sin^l^ is written thus, sm^A, The same 
mode of abbreviation is used for the powers of the other 
Trigonometrical Ratios; and so the result obtained in 
Art 20 is usually written thus, 

sin*-4+co8*-4 = l. 



r 



■^ 
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2X To 8hew thai 

(sec Ay= 1 + (tsjiA)\ and (coaec -4)«= 1 + (cot -4)«. 
In the right-angled triangle APM (see fig. to Art 20) 
rehaye AP'=AM^-^PM\ 



herefore 



therefore 



iiatis, (8ec^)«=l+(tan^)". 

Again ^P»=PJf2+^3f«; 

fAPy_ /AM\* 

\pm) " ^ ■*" \pm) ' 

that is, (co6ec-4)»=l+(cot-4)l 

The resolts here obtained are usually written thus, 
8ec^^=l+tan'J, co8ecli = l+oot'^. 

I 

^ 24. By means of the relations which have been esta- 
fUished in Arts. 19—23 we can express all the Trigono- 
metrical Ratios in terms of any one of them. 

Thus, for example, we will express all the rest in terms 
ofthe^/n^; 

I cos ^ = V(l - sin«-4) (Art 20), 

r aec^==->J^= ,,, ^. ,., (Arts. 19, 20), 

\ cos -4 ^(l-smM) "^ ' " 

co8ec-4 = -7 — i (Art 19), 

sm A J 
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vers^ = l-cosu4 = l- V(l-sin«-4) (Art. 20). 

Again, we will express all the rest in terms of til 
tangent : 



8in^ = - ^ ^ 



cosec^ V(l + cotM)' 



y^n-m) 



tanu4 ,. , 

*^''^=8-ib=;7(lTk^ (Arts. 19, 23), 

sec -4 = ;^(1 + tan«^) (Art. 23), 

cosec.4=JL.=.4±t^), 
sm -4 tan -4 ' 



vers-4 = 1 -cos -4 = 1 - 



V(l+tan2J)' 



25. If we have given the value of one of the Trigo- 
nometrical Ratios we can thus find the values of the rest, 

o 

Suppose, for example, that sin -4 =- ; then we have 

COS^=^(l-siB.^)=y(l_^)=^| = ^, 

. ^ . sin^ 3 4 3 5 3 . . 1 4 

tan-4= 3 = F-^^ = ^ X7 = Tt cot-4 = r 7 = -. 

cos^ 6 5 6 4 4' tan^ 3' 

.16 ,16 

sec -4 = -— — r = ;: , cosec^='; — i=«, 
coSu4 4' sm-4 3' 



4 1 
vers -4 = 1 -cos -4 = 1 ~- = - . 
o 
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' EXAMPLSS. II. 

I Find the yalues of the other Trigonometrical Ratioi 
the following eight examples^ having given : 

L Bin -4 = — . 2. Bin -4 = —. 3. cob-4 = -28. 
io 41 

I. co8-4 = — . 6. tan^ = -. 6. vmA=-. 

Dl 3 o 

t smA=—r. — r. 8. C0S^ = 



Demonstrate the following identities : 

9. (sin -4 + cos w4)"+ (sin -4— COB -4)2 =2. 

10. sin*-4 — cos* B = sin' J9 - cos^^^. 

11. Bec2-4 co8ec'-4=sec'^+co8ec*-4. 
12* sin*-4 + cos* -4 ■■1-2 sin* A cos" A. 

13. tan ^ + cot -4 =sec A cosec A. 

14. sin*-4— cos*^ = sin'^-co8'-4. 

' *jj, A 9A ^ J l-2 8inMco8*^ 

15. 8mMtan-4+cos*^ cot-4 = ; — -z z — . 

sm.4co8.4 

16. sin"-4 +yers"u4 =2 (1 -cos A). 

17. sinM + cos'^ = (sin ^ + cos J) (1 —sin ^ cos A), 
la 8in'-4 + cos'-4 = sin*^ + cos*-^ - sin" -4 cos"^. 

19. 8in"-4 tan"^ +cos"-4 cot' -4 =tan"^ + cot*-4 - 1. 

20. sin A tan"^ + oosec^ sec"^ -2 tan ^ sec^ 

= cosec -4- sin ^. 

21. (sin -4 cos -S + cos -4 sin B^ 

+ (cos -4 cos -5 - sin A sin B^ = 1. 

22. (l + sin-4 + cos-4)"=2(l + sinJ)(l + cos-4). 
2a (l-sin-4-cos-4)«(H-sin-4+cos^)' 

=4sin'.4cos*^. 

24. (l + Bin-4-cos-4)« + (l+cos-4-sin-4)* 

s:4(l-sin^ COB .4). 



^^ 
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III. Values of tJte Trigonometrical RaHos for m 
angle qf4tb\ qf 60®, of SO**. 1 

26. In this Cbapter we shall find the values of d 
Trigonometrical Ratios for certain angles. ] 

27. To determine the values qf the Trigonometric^ 
Ratios for an angle q/*46® . i 




Let BAG he an angle of 45®; take any point PiaAA 
and draw FM perpendicular to AB. Since FAM is hd 
a right angle, AFM is also half a right angle; therefocj 



Now 
thus 

therefore 
therefore 
Thus sin 45®= 



FM^+AJiP'^AF^i 
^FJiP^^AF*; 

\Af) "2' 
FM_ J 

FM 1 ^^0 ^^ 1 

^jy.--^;cos45=^ = -^2- 



PM 
"AM' 



tan 45«=^=1; cot 46®-99-l. 



AM 

''fm' 



aP ap 

sec 45»= ^j^ = ^2; cosec 46®=^= ^2. 
tehi45^*=i-oo«46^»l — ^jr. 
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, 28. To determine the fxditee (^ the Trigonometrical 
ftaiiosjor an angle qfSO^ and for an angle qf 30^. 




Let APB be an equilateral triangle, so that the angle 
PAR contains 6a degrees ; draw PM perpendicular to AB. 

\ . therefore ^ Jf = iAB= iAP. 

\ Thus cos60«=j^=i; 



rtan 



6o»= va-c«^6o)= >j(i-^ = v1- f-' 



*-«tf'=^=^^^V3; coteC 



1 



tiec60<^= 



oos60f* 

1 
cos 60^ 



= 2; oosec 60^=3 



tan 60» s/ J ' 
1 2^ , 

sin 60* /^3 * 



Yer8 60<» = l-co8 60''=l- 



1-1 
'2'"2' 



The Trigonometrical Ratios for an angle of 30^ may be 
found by Art. 16 : thus 



,Bin30°=»cos60'^= 



1 
2' 



C08 30*-i8in60»=^i 



tan30«=cot60®=-7^; 

V3 



cot30''=tan60««V3J 



^ sec 30^=cosec 60*=— r ; coBec30^=sec 60'*=2j 



Ter8 30^«l-coe3<y*-l- 



n/3 



16 
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29. The Trigonometrical Ratios for any angle can li 
found approximately; the ratios are seldom capable I 
being expressed exactly, as they are in the special caa« 
which we have here considered, bat the calculations may h 
carried to any assigned degree of accuracy. We shall no 
enter into an account of the processes of calculation in thdj 

f resent work, but may refer to the more complete treatises 
t will be sufficient to state as a fact that tables may b^ 
easily procured which give to seven places of decimals thd 
sine of any angle which can be expressed in de^ees and 
minutes ; the other ratios can easily be determined whei^ 
the sine is known. 

30. Although we shall not explain the mode in whichj 
the tables are constructed, yet the student will readily saij 
as he proceeds with the subject that various formulae occmj 
which might be useful in calculating the values of the TriH 
gonometrical Ratios. Especially he may notice the for'*j 
mulae hereafter to be given by which we may determine tlMil 
Trigonometrical Ratios for an angle which is the sum or the 
difference of two other angles having known Trigonome- 
trical Ratios. And we shall give a formula in the nexft 
Article which will enable us to determine the Trigonome-j 
trical Ratios for the ha^f of an angle when the Trigonome-| 
trical Ratios of the angle itself are known. 

31. To express the tangent qf half an angle in terms 
qfthe sine and cosine qf the angle. 




Let BOG be any angle, which we will denote by A, Tai 
any point P in OC, and draw PM perpendicular to Oi 
Bisect the angle BOC by the straightline OQ meeting P 
ate. Then§OJf=i^. \ 
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I Let OP=a; then 
jp\f 

-^Ip = sin Af therefore PM=atm A ; 

■gp=cos^, therefore Oif= a cos ^. 

Now, by Eadid VL 3, 

PQ OP a 1 



that 18, 



QM OM acos^ coa^' 
PM-QM 1 



QM cos^' 

therefore {afasiA-QM)eof^A-QM, 
therefore QM{\ +oos^)=a sin AtfMAy 

a%mAco%A 



therefore QM= 



1 + 008-4 



Now tani4 = «^=-^:.^^^. 
* OM acosA 1+cofl^ 

I Thus tani^=--55LA^. 

1 32. By the preceding Article when sin^ and cos^ 
are known we can deternune tan ^A ; and then by Art. 24 
I we can deduce from tan i^ the yalues of the other trigono- 
I metrical ratios of i^* 

I For example^ suppose ^ = 30^, then ^A » 16^ 

1 
sm 30® 2 1 



tanl5«« 



l + co830« ^ 2njh' 

■^ 2 



we may multiply both numerator and denominator of the 
last fraction by 2- ^/3, and thus We obtam the more 
Ijourenient result 

tan 16<>= 2-^/3. 
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By Art 23 sec" 16«= 1 +tan« 16= 1 +(2- ^/3)«=8-4 VS* 

Hence we find sec 16® by taking the square root of 8— 4is/3; 
it is shewn in Algebra how to extract this square root ; i| 
is easy, by squaring both members, to verify tbat 

n/8-4^3=(;^3-1)V2. 
Hence secl60=(^/3-l)N/2. 

C0B16«= ^ = 5^±^ ^^l^±^ i 

(n/3-1)V2 (V3 + l)(^/3-l)^/2 2^2 • 

^*^^^=5in6-o=2^>/^- I 

cosec»16«=l+cot« 16=8 + 4^/3, \ 

cosecl5<>=(/s/3 + l)V2. j 

^^^'"(n/3 + 1W2""272"- 

Since the Trigonometrical Ratios for an angle of 16® are 
known we can immediately deduce those for an angle of 76' < 
by Art 16. 

33. The student should render himself perfectly familiar 
with the values of the Trigonometrical Ratios for an angle 
of 30®, 46®, or 60® ; as they will be perpetually used in the 
subject Thus, for example, if an angle of 60® occurs it 
may be necessary to have the cosine of this angle, which 
has been found to be ^. And conversely, if the cosme of an 
angle is known to be |, and the ans^le is less than a righi 
angle, the student will immediatdy infer that the angle 
contains 60®. Should there be any difficultv in this infer- \ 
ence it will be removed by the remarks made hereafter, in 
which it will appear why we introduce the restriction that I 
the angle U less than a right angle. \ 

34. It may be observed that if an angle be less than 
46^ the cosine of the angle is greater than the sine, and if 
the angle be greater than 46® and less than 90® the cosine * 
is less than the sine : these results follow immediately from 
the fi^^ore in Art 13, since the greater side in a triangle is 
opposite to the greater angle. 
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■ 35. From the results giyen in Art. 31 we can deduce 
«ome other results which will be nsefiil hereafter, while the 
■process will serve to apply some of the formuLe already 
Pestablished. 

' We have (tan J^)«= -J!5!ii_. ,. 

^ * ^ (1+C08-4)" 

hence, by Art. 20, 

rtanJl,^^*- ^"^^'^ _ (l-cos^)(l-<-co8^) 
^^°*^^ -(l+co8^)« (1 + cos^)* • 

'^"^ (^-^^^'^itS^ (^) 

But, by Art. 23, 

(seci^)«=l+(tani-4)« 

I — C08-4 2 



=1 + 



l+cos-4 "" 1 + cos^ ' 

therefore, by Art 19, 

/ 1 ^M l+cos-4 ,^. 

(cosi^)»= — (2) 

and (8ini^)«=i~(cosi^)«=l-?-t^^ 



.(3) 



_ 1 — cos^ 
2 
And sin!^ = (l+cos^)tan^^ 

In these Artides^we nse the form Ttan^^)' as most 
intelligible for a beginner; bat for aboreviation this is 
commonly written thus, tan^i^ : similarly, sin^ ^^ is written 
for(sini^)« 

Suppose we put 2B for A in (4) ; we thus obtain 

sin25=2sin^cos-S (5) 

The student will hare to accustom himself to such 
changes as we have here exemplified; he must regard 
(4) and (5) as expressing under slightly different forms ex« 
actly the same result^ so that from either form the other 
immediately follows. 

2—2 



1 
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EZAHFLBS. III. 

Find A from the following equations : 

1. 3sin^=2co6^^. 

2. 8ec^tan^=:2«y3. 

3. Bec'-4--8ec-4 + l = 0. 

4. 6cot"-4-4co8M = l. 
6. 3coBec'-4 + 88in"u4 = 10. 
6. taiiU-4tan-4 + l = 0. 

Find A and B from the following equations : 

•7 ^^-^ _ /n COS A _ ^/2 
^- sin5"~'^^' cos^"" Ji' 

sm^_ /s/3 008^ ^ I 
®' 0085" ^2' 8in5 ^/2• 

9. 0O8(^-^) = 4^, 8in(^-5)=cos(-4 + j5). 

10. 008(2^+5) = ^, sin(3^--B)=:L 

11. tan(4^ + 75)=2+V3, tan (6^-7i?)=2- ^/3. 

12. smA+wiB= J2f sin*-4 + sin'i?=l. 

13. Find A, B, and C from the equations 

C08(^+jB+(7)=|, sin(^+5-C)=^, tan(5+(7)*l. 

14. Find the Trigonometrical Ratios for an angle ' 
of22i«. 

15. Find tan 7i« 16. Fkd tan 37i^ 
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IV. Applieationt of Trigonometry, 

36. In the present Chapter we sha]] g^ye some exam- 
ples of the use of the Trigonometrical BaUos. It will not 
be possible to supply any great variety or extent of illustra- 
tion, because at present we have not advanced beyond tiie 
simplest elemente of the subject ; but the student may be 
led to take more interest in IVigonometry from seeing even 
at this early stage that it admits of valuable practioei 
applications. 

We begin by demonstrating an 
which connects the sides of a triangle with 
metrical Ratios of the angles. 

37. In a triangle ihe eidet are proportional to the 
sinee qf the opposite angles. 




Let ABC be a triangle; from A draw AD perpen* 
dicular to the opposite side, meeting that side at D. 

AD 
Thus -7T5=8in By therefore -4 2>=^J5 sin -B; 

AD 
and -j^ = sin C, therefore AD =ACwiC'y 



therefore 
therefore 



ABw[iB=ACfmiC\ 
AB sin C 



ACanB' 

This shews that the proposition is true for any pair of 
I sides. 
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We suppose that the two angles considered are acute; 
this will be sufficient for the applications we shall make in 
the present Chapter : the case of a triangle with an dbtme 
angle will be considered hereafter. 

It is usual to denote the lengths of the sides of a triangle 
opposite to the angles A, B, C respectively by the letters 
ay b, c. 

38. The apijlications we are about to make of Trigono- 
metry will consist of some examples of the calculation of 
heights and distances. We shall assume that the lengths of 
straight lines on the ground can be measured, and also that 
the angle between any two straight lines which meet at the 
eye of an observer can be measured. Lengths are usually 
measured by means of a chain. Angles are usually mea- 
sured by a sextant or by a theodolite. A sextant will 
measure the angle between anv two straight lines drawn 
from the observer's eye. A theodolite will measure the 
angle between any straight line drawn from the observer's 
eye and the horizontal straight line drawn in the same verti- 
cal plane as the former straight Hue : a theodolite will also 
measure the angle between two horizontal straight lines 
drawn fr^m the observer's eye, one in one assigned vertical 
plane, and the other in another assigned vertical plane. 
A fiiller account of the instruments used in measuring 
distances will be found in works on Surveying. 

39. To find the distance of an inaccessible point on a 
horizontal plane. 




Let C be the inaccessible point. Measure any straight 
line AB in the horizontal plane containing C. At A observe 
the angle CAB, and at B observe the angle ABC. Then 
the angle ACBis known, by Euclid i. 32. 



Now 
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AG mn ABO 



AB Bin ACB ' 



therefore ^C7=^^"°;ff ^: 

Bin ACB 

* fhusACh known. 

If we require the perpendicular distance €?/> of (7 from 
the straight line AB we nave 

-j^=8in CAB; 

therefore CD = AC sin CAB 

^ ABsinAB CBi nCAB 
em ACB 
thus CD is known. 

40. Tojind the height qfa vuible aceenihU otject. 

p 




Let P be the top of the object, and let it be requh-ed 
to find the height PC Measure any distance CB in a 
horizontal straight line from the foot of the object: at B 
observe the angle P^a Then 



|g=tanP^a 

therefore PC= BC tan PBC: 

thus PC7is known. 
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41. Strictly speaking, in the preceding Article, BOh^ 
not a straight line measured on the ground, but a straight 
lineparcUlel to the ground at a distance from it equal to 
the neight of the observer's eye at B. Thus PC is the 
height of the object above the level of the observer's eye^ 
to obtain the height of P measured from the ground we 
must add to the value of PC the height of the observer's 
eye at B above the ground. This remark will be applicable, 
to some other Articles in the book; we shall not repeat iV 
nor need the student supply the correction thus notioedi 
unless It should be definitely required in yi example. 

42. To find the height and distance of an inaccessible 
object on a horizontal plane. 




Let P be the top of an object, and let it be required 
to find the height PC, and the distance of the object 
fh>m a given point A in the horizontal plane through C, 
At A observe the angle PAC, then measure any length 
AB directly towards the object, and at B observe the 
angle PBC Then in the triangle APB the side AB is 
known, and the angle PAB, and also the angle APB ; for 
the angle APB is the difference of the angles PBC BSid 
PACy by Budid i. 32. 

Now, by Art. 37, 

BP miPAB 
AB'smAPB' 

., . nn AB sin PAB 

therefore BP=: .^ ^p p- : 

thus BP is known. 

Then ^=BinPJ5(7; 
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k^refore PC= BP sm PEG 

^ AB sin PAB rin PEG ^ 
onAPB ' 

ims PG is known. 

43. If howeyer it is not conyenient to measure the 

length AB directly towards the object we may proceed 

3ras : measure the length AB in any direction m>m A ; 

rit A obeerye the angle PAB, and at B obserye tke angle 

PEA, and the angle PEC. 




Then in the triangle ABP the side AB is known, and 
) the angles PAB and PEA ; and thus the angle APE is 
known by Euclid l 32. 

BP nnPAE 



Now 
therefore J5P= 



^^"sin^PjB' 
^^sinP^^ 
Rin APE ' 



thus BP is known. 
Then 



PG 
^p^anPEG; 



therefore PG=EPBmPBG 

AB Bin PAB an PEG 



em APE 



thus P(7 is known. 
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44. An object of known height is situated above a ) 
zontal plane; and the angle subtended by the direct at d\ 
given point in the plane is observed: it is required to\ 
determine the elevation of the object above the plane. 




Let AB be the object of known height; BG the 
required elevation above the horizontal plane. Suppose 
a segment of a circle described on ABy containing an 
angle equal to the given angle subtended by AB ; let this J 
circle cut the horizontal plane at D and E, 

Let O be the centre of the circle ; draw OM perpen- 
dicular to AB and Oi\r perpendicular to DE, 

The angle AOM is half of the angle AOB ; henc^ by 
Euclid III. 20 the angle AOM is equal to the angle AEB, 
and is therefore known. 



And 



■^^=ta,n AOM; 



And 



therefore MO = AM cot AOM; 

and as AM is half of AB we thus determine MO, 

CN^MO. 

Now one of the two distances CD and CE is supposed 
to be given, namely, the former or the latter according as 
the given distance is less or greater than MO ; and we can 
determine the other, since CN is known, and iV is the 
middle point of DE. 
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Then by Euclid m. 36, 

CD .CE^CA .CB^{CM-\-MA){CM-'MA) 

^CdP-MA*; 

fcerefore C^P=CD,CE^MA\ 

This determines CM, and then CB will be known. 

45. It may be remarked that by the aid of measnre- 
ttent of lengths and of calculation we may sometimes ayoid 
lie necessity of observing an angle. 




Suppose we wish to know the angle PAQ subtended at 
the point A by straight lines drawn from the points P 
and Q. 

Take any point B in AP ; and take C on AQ such 
|ihat AC=AB; and measure BC Then a perpendicular 
from A on BC would bisect both the straight line BC and 
fthe angle BAC; 

therefore Eai\BAC=^j^. 

I Since the right-hand side of this equation is known, we 
I can find the angle iBAC by the aid of a Table of Sines; 
' see Art. 29. Thus the angle BACia determined 

46. We will give one example of the use of Trigono- 
metry in Mensuration. We suppose the student to know 
that the area of a rectangle is measured by the product of 
the numbers which represent the lengths of two adjacent 
Bides ; see the Notes on the Second Book of Eudid, The 
area of a triangle is therefore represented by half the pro- 
I duct of its base and altitude, by Euclid i. 41. We shall 
now be able to demonstrate the proposition of the following 
Article. 



28 AP PLICA TIONS OF TBIGONOMETB IT. 

47. The area of a triangle is equal to half the produ 
qftwo Hdee into the sine qfthe inclttded angle. 




Let ABC be any triangle, CD the perpendicular from 
on the base AB, 



Then 



and 



y=sinBAC; 



thearea=iu45.C2>; 

CD 

AG'' 
therefore CD=ACBmBAC: 

thns the area = ^ AB .AC. sin BAC. 

48. To express the area qf a triangle when one sidi 
and the angles are knoton. 

With the figure of the preceding Article we have, as in i 
Art 39, 

^^ AB^nABC 
^^~ sin^C'i? ' 

therefore the area of the triangle 

_ AB^ , sin ABC, sin BA C . 
2ajiACB 

49. The area of a parallelogram is double that of a 
triangle having the same base and altitude: hence by 
Art 47 the area of a parallelogjram is equal to the product ^ 
of two adjacent sides mto the sine of the included angle. 

SimOarly we may apply Art. 48 to find the area of a 
parallelogram. 
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ExAHPLsa IV. 

[ 1. Given tan ^ = r05j find the other Trigonometrical 
latioB. 



u 



2. Giyen sin A = - ^ , 5 , find theother Trigo- 

^meirical Batio& 

3. Gir^i tan A = ■ ^ , find the other Trigonome- 

pn^qm 

jbical Katios. 

, 4. Find-4fromsin-4 + co«-4 = ^^. 

i 

5. Find A and B from 

tan-4tani3=l, tanM+tan«5=^. 

6. Find A and B from 

\ tan^ + tani?=4, tan'ul-f tan*^=14. 

f 7. Find A and B from 

/3 1 

sin -4+Bin -5=^2, sin^l sin J9a~. 

8. Shew that the tangents of (iO^, 45^ and 15® are in 
Arithmetical Progression. 

! 9. At a distance of 100 feet from the foot of a tower 
' tiie tower subtends an angle of 30^; find the height of the 
^ tower. 

10. A base AB of lOOjvards is measnred close to the 
huk of a rirer, and a tree C on the other bank is observed 
from A and Bi the angle CAB is found to be 60<* and the 
angle CBA is nrand to be 46® : determine the breadth of 
the rfyer. 
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11. A person standing on the bank of a river obseirei 
the elevation of the top of a tree on the opposite bank to 
be 75^ and when he retires 20 feet from the river's ed.ge hi 
finds the elevation to be 60°: determine the height of thtl 
tree and the breadth of the river. [ 

12. Find the area of an equilateral triangle, each side 
being equal to a. ' 

13. Find the area of an isosceles triangle, each of th<| 
equal sides being equal to a, and the included angle 30^. 

14. A man 6 feet high standing at the top of a mast 
subtends an angle whose tangent is ^ at a point on the 
deck 33 feet from the foot of the mast : find the height of the 
mast. 

15. The upper half of a post, seen from a point on a 
level with the foot of the post subtends an angle whos«l 
tangent is }: find the tangent of the angle subtended by 
the whole post. < 

16. Jl staff atthe top of a tower is observed to subtend i 
an angle of 15° by an observer at a distance of a feet from 
the foot of the tower, and also to subtend the same angle 
when the observer is at a distance of b feet : find the height i 
of the staff. 

17. A column standing on a pedestal 25 feet 6 inches 
high subtends an angle of 45° at the eye of an observer who 
stands on the horizontal plane from which the pedestal 
springs. When the observer approaches 20 feet nearer to 
the column it again subtends an ang^le of 45° at his eva 
Find the height of the column supposing the height of the 
observer's eye above the plane to be 5 feet 6 inches. 

18. A person wishing to know the height of a wall, the 
foot of which was inaccessible, fixed an upright staff 5 feet 
hi^h, ^the height of his eye) at the place where the angular 
altituae was 45°. Having then walked backwards till the 
angle between the top of the wall and the top of the sta^ 
wa« 18° 26^, of which the tangent is |, he found by actual 
measurement that his distance from the staff was 70 feet. 
Determine the height of the wall 
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y. LogarithfM. 

50. The nmnerical calculations which occur in the solu- 
i of triangles are abbreviated by the aid of logarithms; 

thus it is necessary to explain the nature and the 
erties of logarithms. 

51. Snppose that a'=n, then x is called the loaarithm 
^nto the base a : thus the logarithm of a number to a 
jpyen base is the index of the power to which the base 

; be raised to be equal to the number. 



The logarithm of n to the base a is written log« n : thus 
^{f=ny then x = log. n, 

i 52. For example 4^-64, so that 3 is the logarithm of 
\9i to the base 4; or log^ 64 = 3. 

[ Again, required the logarithm of 27 to the base 9. Let 
\m deaote the required logarithm, so that 9' =27: thus 
(3«)»=33^ that is 3*'=3»; therefore 2a?=3, that is x = l^. 

i In the next three Articles we shall give the properties 
Ion which the utility of logarithms chiefly depends. 

I 63. TTie logarithm qf a product is eqttal to the sum of 
I ike hgarUhms cf its factors, 

I For let 4?=log.w, and y=log,w; 

I therefore m^tty and n^af^ 

therefore unn = <f^^ ; 

therefore * log,w*n=«+y=log,m + log«n. 

64. The logarithm of a quotient is equal to the logo- 
rithmqfthe dividend diminished by the logarithm qf the 
I dfrisor, 

I For let x^log^m^ and y=log«n; 

I therefore m—<fy andn»<^; 
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therefore 5! = ^=«.... 

therefore log. — = ^ - y = log. m - log. «. 

65. The logarithm qf any power, integral or /ra 
tional, qfa number is eqwd to the product qfthe logarithm 
qf the nuniber by the index of the power. 

For let m^al^'y therefore m'=(«*)'=flr, 
therefore log. («*[) ^xr^r log; m. ^ 

66. To find the relation between the logarithms qf £1^ 
same number to different bases. 

Let ^= log. m, and 2^=log» m ; 

therefore m=af and =b^; 

therefore tf"=&»; 

therefore a* = 5, and 6* = a ; 

therefore -=log.5, and- = log»a. 

Hence y=x\ogia, and=^ — r. 

Hence the logarithm of a numher to the base b ma| 
be found by multiplying the logarithm of the number to 

the base a by log^a or by ^ , , 

Since log* a = , — r we have 
® log. 6 

log»axlog.& = l. 

67. There are two systems of logarithms which are 
used in Mathematics. 

In one system the base is a certain number which 
cannot be expressed exactly; as &r as nine places of deci- 
mals the number is 2*718281828. 
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* This number is usually denoted by the letter e; and 
Dgarithms to this base are called Napierian logarithnu, 
rom Napier the inventor of logarithms. This system of 
Dgarithms, although very important in theory, is not used 
b practical calculations; and we shall not require to 
ioDsider it in the present work. 
In the other system the base is 10 ; this system is used 
practical calculations^ and is called the common system. 

58. We shall not in the present work explain bow a 
laUe of logarithms is calculated ; for this the student may 
lefer to the larger treatise. We may remark that in Tery 
ifew cases can a logarithm be assigned exacUff^ but as doso 
«i approximate Tsdue as we please can be found; for ex^ 
ample, a table may be constructed which shall giye loga- 
rithms to seven places of decimals. 

We shall shew in the next three Articles what are the 
chief adyantages of the common system of logarithms. 

59. In the common system, of logarithms if the logo- 
ritkm of any number be kn^wn, we can immediately deter- 
mine the logarithm of the product or quotient qf that 
number by any power qf 10. 

For log^iVx 10-=log„-^+logi<j.lO«=logjoiV+n; 

- K 

10»' 

That is, if we know the logarithm of any number we can 
determine the logarithm of any number which has the 
teme figures, but differs merely by the position of the 
dedmai point. 

In future we shall for brevity use log for log^f^, that is 
we shall omit to specify the base 10. 

60» We know from Arithmetic that 

10<^=1, 10^=10, 10»=100, 10"= 1000,.., 

Now from this we infer that if a number lies between 1 
and 10, its logarithm lies between and 1 ; if a number lies 
Wtween 10 and 100, its logarithm lies between 1 and 2 ; if 
a number lies between 100 and 1000 its logarithm lies 
between 2 and 3 : and so on* 

3 



Uw TTT.^ l^Sw •^■" 1^10 10"=logio iV- «• 
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The integral part of a logarithm is called the eharaeter'' 
utic, and the decimal part is called the mantissa: thus m 
the logarithm of any number between 100 and 1000 Si 
greater than 2 and less than 3, it is equal to 2+soia« 
decimal : thus in this case 2 is the characteristic. 

We shall now give an important proposition reapectii|g[ 
the characteristic. . i 

61. In the common system oflogarUhms the character^ 
istie qfthe logarithm of any number can he determined^ 
hy inspection. 

For suppose the number to be greater than unity, aacl 
to lie between 10* and 10"'*'^ ; then the logarithm is greater 
than n and less than tz + 1, so that the characteristic of tii# 
logarithm is n. Next suppose the number to be less than 

unity, and to lie between — and r~^ , that is between^ 

10~" and 10"""^ then the logarithm wiH be some negatiTB 
quantity between -n and -(n+ 1); hence if we agree ihA 
tne mantissa shall always be positive, the characteristic 
of the logarithm will be - (n + 1). 

Hence we have the following rule: the characteristic of 
the logarithm of a number is one less than the number of 
integ^l figures of the number ; when the number has no 
integral figures the characteristic of the logarithm is 
negatiye and is one more than the number of ethers 
immediately to the right of the dedmal place m the 
number. 

62. By reason of the properties explained in the three 
preceding Articles it is imnecessary in a table of common 
logarithms to print either the characteristics of the 
logarithms or the decimal points of the numbers. 

For example, we find in a table the following figores: 

Number. Logarithm. 

15627 1938756 

This means that •1938766 is the mantissa: for the number 
15627 the corresponding characteristic is 4, and therefore 

log 15627=41938756. 

Sunilarlylog 156*27 =2'1938756,andlog '0015627= 3'19S8756« 

in the last example 3 is equivalent to —3, so that we ex*' 

press in the manner indicated the fact that 

log 0015627= -3+-1938766. 
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6a It is Deoessary to notice one point in practical 
lyperatioBfl with negative characteristics. 

Suppose we require the logarithm of the cube root of 
'0015627. BjArt. 55 the logarithm is 1 of 31938756. The 
^yisionhereeaiibeimmediatelyeffectea;for j^of — Sis —1; 
tnd ) of '1938766 Is '0646252 : thus the repaired kgatithm 

k 10646352. 

But suppose we require the logarithm of i^e square 

root of '0015627. By Art 55 the lo^thm is ^ of 3'1938756, 
It is conyenient now to put 3*1938756 in the form 
-4+ 1-1938756 ; then dividing by 2we obtam - 2 + '5969378, 
so that the required logarithm is 2*5969378. 

Similarly if we require the logarithm of the sixth root 
df -0015627 we put 3-1938756 in the form -6 4- 31 938756; 
then dividing by 6 we obtain -1 + '5323126, so that the 
required logarithm is 1'5323126. * « 

64. The following example wUl illustrate the present 
Chapter. 

Given log 3 =-4771213 find the log of ^^'^^'^^^^^* . 

(90)t 
Let iV denote the giv^ expression; then 

kgiV'^lqg (2'7)»+logC81)*-log(90)* 
•rdlogS^+^Iog-Sl-jlc^da 

Nowlog2^*«log?^=!og^*3log3-1, 

I l0g-81=logj^=logj^=4log3-2, 

I Iog90=l(^3»xl0=2log3 + 1; 

k hence l<^iV= 

3(3log3-l)+g(41og3-2)-j<21<^3 + l) 



=^^log3-^=2-7780766 nearly. 



3—2 
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EXAlfPLES. Y. 

Find the logarithmB of the followiDg six numbers to tha 

uses : j 

1. 256 to the base 2. 2. 32 to the base 4. ' 

a. 243 to the base 9. 4. 16 to the base a 

5. 64 to the base 16. 6. 128 to the base 82. . 

Given log 2 = '3010300, log 3 = •4771213, find the loga-^ 
rithnis of the following twelre numbers : 



7. 18. 


& 


60. 


9. 216. 


10. 6480. 


11. 7200. 


12. 


4 
9* 


13. 4-32, 


14. -72. 


15. -376. 


16. 


•03. 


17. 6-J. 


18. (5})-i 



Given log3= 4771213, log 7 =8450980, fii^d the loga- 
ritllms of the following three numbers: 

19. 63. 20. fg. 21. jlj. 

Given log 8=:*90309009 log 9 = *9542425, find the loga- 
rithms of the following three numbers : 

22. IJ. 23. Vli 24. ijl\. 

25. Givenlog8='9030900,log27»l-4313638»findlog2i. 

26. Write down the characteristics of the logarithms 
of 3*4512, 34512, 034512, and '000034512: also having 

given log '34512 = 1*5379701, find the logarithm of the pro- 
uct of the above four numbers. 

27. The decimal part of the log of 36541 is '5627804, 
find the log of ^(000036641). 

28. Fmd the log of '0625 to the base 8. 

29. Given log 1*4=1461280, log 1*5=1760913, find 
log 000315. 

30. Given log 2 find the log of 50 to the base 25. 

31. Given log 2 find the log of 1000 to the base 25. 

32. Given log 2 and log 3 find x from (1*08)"= 1000. 



USE OF TABLES. 37 



VL Uie qf TMei. 

65. Many ooUeetioiis of Mathematical Tables liaye 
been jmblished, diffmng in extent and in the number of 
dednuil places to which they are carried ; and thus practical 
calculators are enabled to provide themselves with such 
Tables as are most convenient for the special work on which 
th^ may be engaged. A coUection of Tables publii^ed 
by W. and R. Glaubers may snfiBce for ordinary purposes. 
A cheap and very extensive collection of Tables nas been 
edited m Germany by Schron, and this work has been 
introduced into Enghmd with a Preface by Professor De 
Mbigan. 

66. Oollections of Tables usually contain explanatioDs 
of the mode in which they are arranged, together with 
instmctions for using them. We shall accordingly only 
give here some examples which will suffice to guide the 
student who may wisn to use any Tables for occasional 
calculation. We shall not give investigations of the accuracy 
of the methods which we exemplify ; for such investigations 
the student is referred to the larger treatise. 

67. One &;eneral consideration which applies to the use 
of Maifiematical Tables is this : we rarely find what we 
require immediately in the Tables, but we find two entries 
between which what we require must lie. and from which 
it must be determined. Accordingly we have to exemplify- 
.the method of proceeding in such cases. 

68. To find the logarithm qfa given nutnber. 

If the given number is contained in the Table we take 
the dednud part of the logarithm from the Table^ and 
prefix the characteristic ; see Art 61. 

Suppose however that the number is not contained 
exactly in the Table. The Table, for example, may give 
the logarithms of all numbers from 1 to 100000, and we 
I . may require the logarithm of 5632147. 

Here we take from the Table 

I Number. Logmrlthm. 

» 66321 7506704 

I 66322 7506781. 
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Hence, by Art. 61, 

log 6632100 = 6*7506704, 
log 5632200=6*7606781. 

The difference of the two nutnbers is 100, and the difference 
of the two logarithms is -0000077. Let x denote the 
quantity to be added to the logarithm of 5632100, in order 
to produce the logarithm of 5632147 ; then we asmme that 

100 : 47 :: '0000077 : x; 
that iB^ we assume that for a small change in the namb^ \ 
there is a proportioned small change in we Ipgarithm. 



Hence we obtainic= j;^ x -0000077, that is -000003619, 



100' 
or to seven places of decimals '0000036. 

And -7606704 + 0000036 = '7506740. 

Therefore log 6632147 = 6-7506740. 

Then, by Art 61, we can immediately express thej 
logarithm of any other number which is formed from! 
6632147 by supplying a decimal point ; for example 
log 56321-47 = 4-7606740. 

69. To find the number corresponding to a given 
logarithm. 

If the decimal part of the giren logarithm is contained 
' in the Table we take the corresponding number, and put a 
decimal point in the number in the place indicated by the 
given characteristic. 

Suppose however that the decimal part of the logarithm 
is not contained exactly in the Table; we shall then have to 
perform a process like that exemplified in the preceding 
Article. For example, suppose the given logarithm to be 
2-7506740. 

As before we have 

log 5632100 = 6-7506704, 

log 6632200 = 6'76e6781. 

Let X denote the quantity to be added to 5632100 to 
produce the number wnich has 6*7506740 for its logarithm. 
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SiBce 6-7506781 - 67506704 = 0000077, 

and 67506740 - 67506704 = 0000036, 

we form the proportion 

•0000077 : -0000036 :: 100 : x. 

* XT....^ 3600 ,^ . . , 

Hence x = -— = 47 approximately, 

th^efore log 6632147 = 67506740, 

and t^refore log 563*2147 = 27506740. 
Thus the required number is 563*2147. 

70. In using Trigonometrical Tables processes have to 
be performed like those exemplified in the two preceding 
Articles for Tables of Logarithms, For example, we may 
have a Table of the sines of those angles which are ex- 
pressible exactly in degrees and minutes, and we may 
require the sine of such an angle as 20* 14' 20"' : in this case 
we must proceed as in Art 63. 

We take from the Table 

sm20M4' = -3458441, 
8in2CPl5'=*3461171. 
Let w denote the qut^ntity to be added to '3458441 to 
produce the sine of 20<* 14' 20^ 

Since -3461171 -'3458441 = -0002730, 

we form the proportion 

60'' : 20^' :: -0002730 : x. 

„ 20 

Henee4?=~ X 1»02730= -0000910; 

therefore sin 20* 14' 20"= '3458441 + '0000910= '3459350. 

71. Tables such as those referred to in the preceding 
Article are called Tables of Natural sines, cosiijes, tau~ 
gents,... to distinguish them from other Tables uliich aro 
called Tables of Logarithmic sines, cosines, taiigcnfe,... 
We shall now consider the latter kind of Tables. 
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72. The TrigoiKMiietriaJ BatioB of an an^e are nil- i 
nerical qnantitiM, and ifc ia fovnd Teiy eonyenient to haye j 
TaUes which giTC the logarithms of these numerical i 
quantities, so tluii we maj be sared the tremble of calctF-^ 
hvting them by the aid of the TaUe of Logarithms. For ab- ; 
breyiaiioa log sin ^ is nsed to denote the logarithm of the 
sine <tf A ; and in a similar manner log cos ^^ log tan^,.. . | 
are used. 

73. Since the sine of an angle is nerer greater than 
nnity the logaritimi of a sine will nerer be a positiTO 
qnantitr; tiie same remark i^>plies to the cosine. In order ^ 
to aToid the occarrence of negatire qnantities in the Tables 
it is found conyenient to add l^tothe logarithm of wery 
Trtganomefrieal Ratio before registering it in the Tables ; 
the logarithm so increased is call^ tlie TcUndar logarithm^ 
and is usually denoted by the letter L. Thus 

Z sin ^ = log sin ^ + 10, 
Xtan^=]ogtan^ + ia, * 

and so on. Of course in calcula^n we shall have to r^ 
member and allow for this addition to the real logarithms 
of the Trigonometrical Ratios. * ^ 

"j 
74 There is one point to which special attention must 
he paid in using both the Tables of the natural Trigono- 
metrical Ratios and the Tables of the logarithmic Trigone- ^ 
inetrical Ratios, namely, that as the angle increases the 
sine, tangent, and secant increase, but the cosine, cotanfi;ent 
and cosecant decrease; the bearing of this remark wiU be 
illustrated in the next Article. I 

75. We will now give some examples of {he use of the 
Tables of the logarithmic Trigonometrical Ratios. i 

Given L sin 20® 14' = 9*5388804, 

L sin 20* 15' = 9-5392230 ; ^ , 

required L sin 20<> 14' 20", 

Thedifferenceof the given Tabular logarithms is *0003420, 
which corresponds to the difference 60' in the angles; so 
we form the proportion 

60 : 20 :: '0003426 : x. 
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Hence '=^ ^ -0003426 =-0001 142 ; 

■lerefore L sm 20» 14' 20" = 95388804 -I- DOOl 142 

= 9-5389946. 

The same data will furnish an example of the calcuhv 
ion of a logarithmic cosine. 

Given L cos 69« 45' = 9*5392230, 

Z cos 69* 46' = 9-5388804 ; 

teqnn^d L eos 69* 45' 40". 

Here the proportion is 

60 : 40 :: *0003426 : or. 

I Hence « =|5x 0003426 =-0002284 ; 

iherefore L cos 69* 45' 40" = 9*5392230 - -0002284 

= 9-5389946. 

I Here x is subtracted from L cos 69* 45' because as the 
bmgle increases, the cosine decreases, and so also does the 
/^cosine. 

The two preceding examples resemble that in Art. 68; 
will now take one resembling that in Art 69. 

I Given Z sm 20* 14' = 9*6388804, 

^Z sin 20* 15' = 95392230 ; 
d the angle which has for its Z sine 9*5389946. 
Let « denote the required number of seconds. 
iBbce 9-5392230 - 95388804 = '0003426, 

F[ 9-5389946 -9-5388804 =-0001 142, 

form the proportion 
-0003426 : 0001142 :: 60 : «. 

Hence the required angle is 20* 14' 20". 



h 
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Examples. VL 

1. Given log 34686 = 4-6389003, log 34587 = 4-638912( 
find log 346-8637. 

2. Given log 41501 = 4-6180586, log 41602 = 4-618069(1 
find log 4160146. 

3. Given log 7-3510:= '8663464, log 7-3511 = •866352? 
find log 736-1092. 

4. Given log 1752=3-2436341, log 1762-1 =3-243668J( 
find log 17-62087. 

6. Given log 61025 =-7856078, log 61026 = -786514^ 
find log 610-257. 

6. Given log 61875=4-7916162, log 61876=4-7916222, 
find log 6187639. 

7. Given log 61601 = 4-7895878, log 61602 = 4-7896948J 
find the number corresponding to 27895912. 

8. Given log 7-5014= -8751423, log 7-6015= '8751481, 
find tha number corresponding to 3*8751462. 

9. Given log 13107 = '1175033, log 13108=21176364, 
log 6 = -6989700, find the seventeenth root of 131072. 

10. Find (106)*^ having given 
log 2 = -3010300, log 2-653 = '4237372, 
log 3 = -4771213, log 2-654 = -4239009, 
log 7 = -8450980. 

1 1. Find L sin 38® 24' 27", having given 

Z sin 38*^ 24' = 9-7931949, 
X sin 38'* 25' = 9-7933543. 

12. Find L sin 32<» 28' 36", having given 

L sin 32« 28'=9-7298197, 
X sm 32^ 29'= 9-7300182. 

13. Find L sin 41^ 60' 34"-5, having given 

L sin 41<» 60' 30"= 9*8241743, 
L sin 41<^ 60' 40" = 98241978. 



14. 
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Fmd Z eo8 17® 31' 25'''2, haying given 
Z cos 17* 31' = 9-9793796, 
Z COB 17*32' = 9-9793398. 

15. Find Z tim 2lM 7' 12", haying given 
Z tan 21® 17' = 95905617, 
Z tan 21MB' =9-5909351. 

16. Und Z tan 27* 26' 42", having given 
Z tan 27* 26' =9*7152419, 
Z tan 27* 27' = 9-7165508. 

17. Find Z tan 55* 37' 53", having given 
Z tan 56* 37'= 101647616, 

diflf. for 1'= 0002711. 

18. Find Z eoeec 33* 10" 20", having given 
Z sin 33* 10' = 9-7380479, 
Z sin 33* ll'=»-7382412.- 

19. Given Z sin 16* =94403381, diff. for 1'= -0004403, 
Zoos 16*= 9-9828416, diffi for 1'= 0000362, 

i f&Ml Z sec 16* 0' 27" and Z tan 16*0' 27". 

20. find Ay having given 
Zsin^ =9-4488105, 
Z sin 16* 19' =9-4486227, 
Z sin 16* 20' = 9-4490540. 

31 . Find A, having given 

ZsinJI =90787743, 

Z sin 6* 53' =90786310, 
Z sin 6* 53' 10" =9-0788054. 

22. Find A, having given 
Zcos^ =9-9657056, 
Z cos 22* 28' 20" = 9-9657025, 
Z cos 22* 28'10"=9-9657112. 

23. Find Ay having given 
Zcos^ =9*2000000, 
Z cos 80* 53' = 9-1998793, 
Z cos 80* 52' 60" =9*2000105. 

24. Find the value of lO'V, having given 
log 21544 = 4-3333263, log 14270 = 41544240, 
log 21545 = 4*3333465, log 14271 = 4*1544544. 
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VII. Solution qf Right- Angled Trumgles. 

76. In every triangle there are six elements, name 
the three sides and the three angles. When we have ' 
sufficient number of these elements given we can calculat) 
the remaining elements ; this process is called the soitUio 
of triangles. It will appear as we proceed that when thi 
of the elements are given we can calculate the ren 
three, except when the three angles are given, and then 
cannot determine the three sides but only the ratio the 
bear to each other. 

We have already in Chapter it. given some examples! 
of the solution of triangles, and in tlie course of thepresenti 
Chapter and a future Chapter we shall examine e^erj caad 
which can occur. It is usual to consider separately the' 
case of right-angled triangles as the investigations aren 
more simple for these than for other triangles ; accordingly i 
we shall confine ourselves in the present Chapter to right*! 
angled triangles. 

77. We shall use the notation given in Art. 37 for the 
sides of a triangle ; and we shall always suppose that C is 
the right* angle in a right-angled triangle. We use log aa 
an abbreviation for logarithm, and we use L in the sense 
explained in Art. 73. 

78. To solve a right-angled triangle having given the 
hypotenuse and an acute angle. 

A 




B C 

Suppose the hypotenuse and the angle A given ; then 

B^W-A', 

- =sin A. therefore a=<? sin A. 
c 

therefore loga=Iog<?+log8in-4=logc+Z8in-4— 10; 
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- = sin -S, therefore h=CfasiB. 

berefore log6=logc+IogBiaJ?slog«+Z8iiij9--10. 
%xi& B, a, and ]b are determined* 

79. To solve a right-angled trianifie having given the 
fpotentue and a side. 

Suppose e and a given ; then 

ain^s -, logsiBulsIoga-logc, 
c 

fterefore Zsin-4 = 10+loga-log(?; 

this det^mines A ; then B=90^-A. 

jiUfcd c»=a" ■*•*', *^«efo>* ^'=<^-«*=(^"«) (<^ + *)» 
I therefore 6= J{c-a){c-^a)f 

log 5=J Iog(c-a) + ilog (c+a). 
Or we may find b from the formula 
h=e COB A. 

80. To edve a right-angled triangle having given 
a tide and an acute angle. . 

Suppose a and A giren ; then 

B=dO^-A; 

=sin-4, therefore <;=- — :, , 

€ ' Bin A* 

therefore log c = log a— log sin -4 = log d - X sin wi + 10 ; 

I . J^tan^ therefore ^^j^. 

therefore log 5 = loga - log tan ^ == log a - X tan ul + 10. 

Thus B, Cf b are determined. 

Suppose a and\8 are given; then ^=90* -J?, and we 
may find c and b as before. 
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81r To solve a rigM-angled triangle hamng given tM 
two sides. 

Here a and & are given ; then 
tan^ = r, therefore log tan ^~ log a- log dy 
therefore Xtan^=sio+log/i-log&; 

-=BmA, therefore c=—. — ^; 
c BinA 

therefore logc=log a-log sin ^ ^loga-Zsin A + 10. 

Or we may find e from the formula c= J{a*+b*)f but this 
b not adapted to logarithmic computation. 

82. It will thus be seen that in each of the fonr cases 
discussed in Arts. 78 to 81 we suppose that we know two I 
elements of a right-angled triangle, besides the right ang^e, { 
and we shew how the other elements are to be determined i 
And it will be found on examination that we have discussed { 
every case in which two elements are given besides the 
right angle, except the case in whidi the two angles are 
given, in this case we can determine the ratio of each 
side to the hypotenuse ; for we have 

c ' e 

but we cannot absolutely determine a, b, and c. We may 
observe that since A-^B=90^it is superfluous to give the 
values of A and B, for if one is given the other can be 
immediately found. 

83. We will now take some examples of the solution of 
right-angled triangles. 

Ex. (1). Suppose we have given «» 125, A = 64* 28'. 
a=csin^. 
Using a table of natural sines we find 

sin 64® 28' =-81 37775; 
therefore ' 0=101-7221875. 
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iri using logarithms, 

log 125=20969100 
Z 8m M^ 28 '= 9 9105057 
120074167 
lierefore log a=20074167. 
Now on consultiQg the tables of logarithms we find 
log 101-73 =2*0074490, 
log 101-72 = 20074064; 
md as log a lies between the logarithms here giren we 
ftnchide that alios between 10172 and 101*73. 

In order to determine a more eloaely we nivsl employ 
Oie Principle qf proportional pm^ ^nich is explained in 
Chapter vi. We wiU give the process for the present case. 

2*0074490 2*0074157 

2*0074064 20074064 



' Diff. '0000426 Di£ H)000093 
Let Of denote the excess of a abore 101*72 ; then 
*0000426 : '0000093 :: 'OOl : «, 
[Hence we find a?=*000218 nearly. 
Thus a= 101*72 -h 000218 = 10r722ia 

Our two modes ci calcnlation give valnes for a which differ 
Teiy slightly. 

J5=90®-^ = 35*32', 

Using a table of natural smes we find 
sin 35«32'--681 1765, 
6=72*6470625. 

Or, using logarithms, 

log 125 ==2*0969100 

X sin 35* 32^ =97643080 

11*8612180 

Therefot^ leg ^^^ 1*8612180. 
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Now on consulting the tables of logarithms we find 

log 72-648 =1-8612237, 

log 72-647 = 1-8612177. 
Hence h is very nearly equal to 72*647. 

Ex. (2). Suppose we have given a = 147> c =■ 184. 
L sin -4 = 10 4- log a-log c, 
log 147-21673173, 
log 184=2-2648178, 
therefore X sin u4 » 9*9024995. 

Now on consulting the tables we find 
X sin 63» 2'= 9-9026389, 
Z sin 63n'= 9-9024438; 

and we conclude that A lies between 53^ 1' and 53® ^ 
Let X denote the number of seconds in the exceds of 4 
above 53^ r. Proceed as before, 

9-9025389 99024995 

9-9024438 990-2443 8 

Ditt -0000951 DiE -0000667. ^ 

•0000951 : 0000567 :: 60 : x. 
Thus J? =35 nearly, 
and A -53* 1' 35" nearly, 
J5«90»-^«36®68'25". 

If we had only a table of natural sines we should proceed 
thus: 

sin ^ = ? = ^ = -7989130 nearly. 
c io4 

On consulting the tables we find 

sin 53*2'= -7989856 

sin 63*1' =7988105; 

and we conclude that A lies between 53^ I' and 53® 2^ 
Then we may proceed as before to determine A more 
closely ; and we shall obtain A^62f^V 35'' nearly. 
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, And 6»=<^-a?«(<5-«)(c + a)=37x331, 

log 37 = 1*6682017 

log 331 = 2*5198280 

2 |4-0&80297 

log 6=20440148 

Now on oonsalting the tables of logarithms we find 
log 110-67= 2-0440299, 
log 110-66 =20439907 ; 
and hence h lies bet^^ta 110*66 and 110*67. 

. Let;i;denotetheexcessof& above 110-66. Proceed as 
before: 

2*0440299 20440148 

20439907 20439907 





IW 0000392 JM, -0000241 




•0000392 : '0000241 :: 01 : x. 


Thus 


a?= -00616 nearly; 


and 


6 = 110*66616 nearly. 



I We might also obtain h by extracting the square root of 
37 X 331 ; without using logarithms. 

Ex. (3). Suppose we have given a=237'6, ^ = 34'»18'. 
log <;=log a-L sin A + 10^ 

log 237-6 = 2*3768464 

Z sin 34M8'= 9*7609140 

log C= 2*6249324 

Kow on eonsolting the tables of logarithms we find 
log 421*64=2-6249418, 
log 421-63 =2*6249316 ; 

and hence c lies between 421*63 and 421*64. 

4 
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Let ^denote the excess of <; above 421*63. Proceed ai{ 
before; 

2*6249418 2*6249324 ' 

2-6249315 26249315 

Dift -0000103 Diffl -0000009' 

•0000103 : -0000009 :: '01 : x. 

Thus w = '0009 nearly ; 

and cs 421*6309 nearly. 

log&= loga-Zt8to-4 + 10, 

log 237*6 = 2*3758464. 

L tan 34* 18^ =9*8338823 

log & = 2*5419641 

Kow on consnlting the tables of logarithms we find 
log 348-31 = 2*5419659, 
log 348*30=2*5419535; 
and hence h lies between 348*30 and 348*31. 

Let X denote the excess of h above 348*30. Proceed as 
before, 

2-5419659 2*5419641 

2*5419535 2*5419535 

•0000124 *0000106 

•0000124 : -0000106 :: -01 : x. 

Thus X = -00855 nearly ; 

and &= 348-30855 nearly. ] 

84. The process of applying the principle of propor- 
tional psurts is in practice much simplined bj the aid of the 
Tables ; we find in fact that the chief part of the calculatioii , 
is performed for us. This will be oovious to the student ^ 
on examining the Tables and the explanations which usually 
accompany them. 



EXAMPLES. riL 



61 



EXAMPLES. VIL 

Solve the foUowing dght triangles irom the giyen 
quantities: 



1. 


4? = 160, 


^ = 30«, 


C=90^. 


2. 


<?=200, 


a=100,- 


C=90*. 


a 


a=80, 


-B=15«, 


C^9^. 


4. 


a=76, 


J=76, 


C=90«. 


6. 


<; = 120, 


^=36«, 


C=90«. 




sin 36*= 


•5877853, 


sin 54«= -8090170. 


e. 


<?=290, 


a«200, 


C=90». 




sin 43® 36' = 


: -6896196, 


sin 43'' 37'= 6898302. 


7. 


a = 125, 


J9=22i*, 


t7=90*. 


a 


a=:3, 


6=4, 


C=90^. 




log 2=» -3010300, X 


sin 53* 7'= 9-9030136, 



Z sin 53* 8' =9-9031084. 

In solving the following four triangles the Tables will 
be required : 

9. c=196, -4=23»3(f, C=90« 

10. c=164» a=96, C=90*. 

11. a =124-6, -4=64*20', €^=90*. 

12. a=141, 6=193, (7=90* 



4—2 
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VIII. SoltUion qf dblique^ngled triangles by the aid 
right-angled triangles. 



1 



i 



85. In the preceding Chapters we faaye restricted oniJ 
gelves to the Trigonometrical Katios of angles not greatw 
than a right angle; and we have in effect given a short ^ 
course of Trigonometry as far as the solution of right-angled 
triangles inclusive. It is however obvious that we may 
have triangles vnth obtuse angles, and this leads us ti{ 
extend our definitions of the Trigonometrical Ratios so as 
to include angles greater than a right angle. Accordlnglr, 
we shall devote the next Chapter to this subject; anal 
then we shall proceed in the following Chapters to explain 
certain properties of triangles and the general solution of 
triangles. 

But it may be conTenient for scHiie students to be able 
to solve any triangle without entering on the consideration 
of the Trigonometrical Ratios of angles greater than a 
right angle; and the present Chapter will supply the 
necessary rules and explanations. Those who adopt the 
methods of solution to oe given in Chapter xl may look 
on the present Chapter as an application and illustration of 
the elementary formulae of the subject. 

86. To soke a tricmgle having given two angles and 
a side. 





Supposes the given side; since two angles are given all 
the angles are known. Draw AD perpendicular to BO or 
to J8(7 produced. 
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In tbe right-angled triangle ABD we know the hjpo- 
nse AB, and the angle ABD\ hence we can find AD 
a&d^2>,bjAxt.78. 

Then in the ririit-angled triangle ADCif^ know AD 
and the angle ACD; hence we can find AC and C7>, by 

And, knowing BD and (72>, we ifaid BC immediately. 

87. To solve a triangle hatoing given two $ide$ and 
ike included angle. 

The solation is ffiTen in Chapter xl, and as it reqnfanes 
no principles which have not been already explained it may 
be read at this stage. 

f 88. To solve a triangle having given tfoo tides and the 
^ an^ opposite to one of them. 

Let a and b be the given sides, and A the given ang^e. 

L Suppose a less than b. 




I Then A is less than By and so A must be an acute angle. 

Let A C denote the side b, and from G draw the perpen- 
dicular CD on the opposite side of the triangle, produeed 
if necessary. 

In the right-angled triangle ACD we know AC and the 
^ angle ^; hence we can find CD, and the angle ACD, by 
Art. 7a 

Then in the right-angled triangle CBD we know CD 
a&d CB; hence we can find BD and the angle BCD, by 
Art 79. 

And thus AB and the angle ACB may be found imme- 
diately. 
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It will be seen that there are two triangles ABC, onf 
having the angle ABO obtttsey and one having the ai^l^ 
ABC acute. Hence this is usually called the ambigtum^ 
case, because corresponding to the given elements tvH 
triangles may generally be found. , 

We say that two triangles may genercUly be fotUMt] 
there will not always be two triangles. For it may happei 
that CD is equal to the given quantity a; and then the 
two points marked B in the figure will both coincide witl 
D, and there will be only one triangle with the ^vei 
elements, namely the right-angled triangle ACD, Ag'ain, 
it. mav happen that CD is greater than the given quantity] 
a, and then there is no triangle with the given elements* 

II. Suppose a equal to h. 




In this case the triangle is isosceles : we have A^B. 

Then in the right-angled triangle ACD we know AC 
and the angle A\ hencQ we can find AD, And AB is 
twice AD, 

IIL Suppose a greater than &» 





Then as in I. we solve first the right-angled triangle ACD^ 
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hd next the right-angled triangle BCD. The given angle 
I may be acute or obtuse ; but there ia onl^ one triangle 
nreBponding to the given elements. For if we were to 
Ike a point ^ to the left of />, on ^^ produced, such 
bat I>H^DB, we should have CB^CB=a, but the 
[igle CABf of the triangle CAR would not be equal to 
kie given angle A : in the left-hand figure the auffle A is 
Bate while the angle CAB would be obtuse, and in the 
{^t figure the angle A is obtuse while the angle CAB 
pould be acute. 



89. To solve a triangle having given the three iidee. 

A 




Let a denote the side which is less than neither of the 
others, so that the angles B and C must be acute. Draw 
AD perpendicular to ^C 

Let BD=x; then DCsxa-x. 

Now AD'^AB-BD^^AC^-DC*; 

thus c"-«'=&'— (a-a?)2=6*-a' + 2<M?-;p*, 

therefore a= — . 

2a 

Thus a is determined 

Then in the right-angled triangle ABD we know AB 
and BD; hence we can find the angle B, And in the 
right-angled triangle A CD we know ^(7 and CD; hence 
we can mid the angle C. 
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EXAMPLSa VIII. 

Solve the following six triangles from the given qnanfel*' 
ties: ^ 

•4 

1. c=84, i?=45^ (7=30<'. 1 

2. a=96, & = 48, (7=60<>. .' 

3. a=l, 6=1+ *y3, ^=15^ 

4. a= ^/2, &= 2(^/3-1), ^=75^ 

5. a=Ay3, &=1, ^ = 120* 

6. a=10, 6=6^/3, <?=5. 

In solving the following six triangles the Tables will be 
required: | 

7. c=124-5, ^=56»15', 5=48<»35'. 
a a=&= 276-6, C7=72Ma'. 
9. a =166, 6 = 218, A = Z^. 

10. a«750, 6=625, -4=80^ 

11. a=360, 6=288, ^ = 125^. ^ 

12. a=126, 6 = 170, c=200. 

13. In the ambiguom ease when a, 6, and A are given, 
shew that 

c=6cos-4 =fe a/ (a"-6' 8in'-4). 

14. If the perp«idicular drawn from the vertex of a 
triangle on the base fall within the triangle, shew that 
the (ufference of the segments of the base is to the differ- 
enoe of the sides as the smu of the sides is to the base. 

Shew how to solve a triangle having given the two sides 
and the difference of the segments into which the baae is 
divided by the perpendicular from the vertex. 



' 1 

1 
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IX. Applieatwn qf Alffebraie(U Sign9. 

90. In the preceding Chapters we hare defined the 
SVigonometiical Ratios and established oertam reh^ons 
between them ; and we have iHnstrated the use of the Tri- 
gonometrical Ratios. We haye»hitherto confined onrselyes 
jto angl^ not exceeding a right angle, but it is obTions 
|hat angles greater than a ri^ht angle may oocar in mathe- 
pnatical inTestigations and m practice; and it becomes 
Necessary to consider how the Trigonometrical Ratios 
^ly to snch angles. 

91. Let be a fixed point in a fixed straight line, 
and sappose we haye to determine the jxmtions of other 
points m this straight line with respect to O, The position 

Jf JT 



of any point in the straight line will be known if we know 
the distance of the point from O, and also know on which 
nde of O the point lies. Now it is found conyenient 
^ adopt the following convention: distances measured 
m one direction from along the fixed straight line are 
denoted by positive numbers^ and distances measured 
^the opposite direction from along the fixed straight 
lirie are denoted by negative numbers. Thus, for exam- 
ple, suppose th4t distances measured from O towards the 
right hand are denoted by positive numbers, and let 
Jif be a point the distance of which fitMn O is denoted 
by 2 or +2 ; then if itf' be as flEtr from O as Jf is, and 
on the other side of O, the distance of M' from is de« 
noted by -2. 

92. We have called this method of determining posi- 
tion by means of numbers affected with algebraical signs a 
convention; we mean by this word to indicate that it is 
not absolutely necessary to adopt this method, but merely 
convenient The symbols + and — are denned in the 
beginning of elementary works on Algebra as indicative of 
the operatiom of addition and subtraction respectively. 
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Ab the stadent advanoes in Algebra he finds that the \ ^ 
bob 4- and — are also used as indicative of the qtuMlitv 
of quantities. And it is seen that no contradiction or c 
fusion nltimatdy arises from this doable mode of consid 
ins the symbols, but that Algebra gains thereby consid 
aluy in power. (See Algebra, Chaps, t. and xiy.) 



i 



93. We shall now extend our definitions of the Trigo- 
nometrical Ratios so as to make them applicable to any i 
angle not greater than two right angles. 





Let AB^ AC \)Q two straight lines at right angles ; let 
a straight line turn round the point A from AB towards 
AC^ and come into any position AP : draw PJf perpendi- 
cular to AB or to AS produced through A, Then con- 
sider AP as always positive ; consider AM as positive or 
negative according as 3/ is on the same side of J(C7 as i? is, 
or on the opposite side ; PM will in all cases .be on the 
same side of AB as C7 is, and will be considered as posi- 
tive. Let the angle PAB be denoted by A : then the 
Trigonometrical Ratios of ^ are thus defined, 

. , PM . . PM . AP 

sm^ = -jp, tan^-25' *^^ = Z^' 



cos 
vers 



. AM ^ . AM . AP 

^=3p, cot^=p^, cosec^=-p^, 

N^ = l— cos-4, covers -4 = 1— sin ^. 
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(94. The excess of two rigbt angles over any angle is 
iDed the supplement of that angle. Thus if ^ be the 
amber of degrees in any angle, 180- ^ is the number of 
f^rees in the supplement of the angle. 

95. To compare the Trigonometrical Ratioe €(fany 
mgU with those of the supplement. 




Let PAB be any angle ; produce BA to -5', and make 
FAB^PAB : take AP'^AP and draw PM and P'M' 
perpendicular to BB. 

The angle P'-4i?=180«-P'u4^=180«-P-4JJ; thus 
FAB is the supplement of PAB, The triangles PAM 
and P'AW are geometrically equal in all respects. Now, 
by definition, 

am-4«2p» 8m(180<>-^)— -jp, ; 

and smoe PM and P'M' are equal in magnitude and both 
positiTe, we have 

8in^=«hi(180»-ui). 
Also^ by definition, 

008^ = -^, cos(180<»-^) = 2j^- 

Now ^ if and AM* are equal in magnitude, but since 
v: they are measured in opposite directions from A^ they are 
i^i opposite si^ns: 

thus 008-4= -cosClSO'--^). 

I The other Trigonometrical Batios of the angle A may 
be compared wit^ those of the stq»plement either by dire«^ 

\ 
r 
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use of the figure, or by employing the two results air 
established; thus, adopting the mtter method. 



tan (180*-^) = 

cot(180«-^)= 



sin (180^-^) sm^ 



cos(180®--4> -cos-4 

cos (180^ -^) _ —cos.^ 
8in(180«-^)~ sin^ 



:— tan^y 



= — cot^. 



sec (180'--4) « — jzr^Ti, — ^ « j= -sec -4, 

^ ' cos(180'^--4) — eos^ ' 



cosec(180«-^) = - 



1 



=cosec-4. 



'8ln(180*--4)~sin^ 

vers(180«-^) = l-cos(180«--4) = l + cosJ. 

Thus the sine and cosecant of any angle are respectirely 
the same as the sine and cosecant of the supplement of tlie 
angle ; the cosine, tangent, cotangent, and secant of any 
angle are numericaUy equal to tne corresponding Ratios 
of the supplement of the angle, but are of oi^Kisite sign. 

96. It follows from the preceding Article that if the 
sine of an angle be given, and we have to determine the 
angle without excee<Sng two right angles, there will be m 
general two angles which may be taken. For example, if 

the sine of an angle be ~, we know by Art 28 that 30^ is one 

value of the corresponding angle; and by Art 95 we 
have 180®- SO**, that is 150^ for another value. Similar 
remarks apply for the cosecant. But for the other Trigo- 
nometrical Katies this does not hold. 

97. It is essential to have a distinct conception of the 
limits to which the values of the Trigonometrical Batios 
tend, when the angle becomes very smSl. 




i 
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The line AP is supposed to turn roiud A^ remaining 
jB of the same lei^UL 



; 



First take the sine, 

I sm PAB^ -jp. 

Kow the figure shews that the smaller the an^Ie PAB is 
the smaller PM is, that is the smaller is the sme ; and br 
taking PAB small enousfa the sine will become as smaU 
as we please. These results are abbreyiated thus : 

the sine (/O* u 0. 

Kext take the cosine^ 

cosine PAB^-jp' 

Now the figure shews that the smaller the angle PAB is 
the nearer IS AM to AP in magnitudeLthat is, the nearer 

i 19 the coeme to unity; and by taking PAB small enpugh 
the cosine wffl am>roach as near to unity as we i^ease. 

\ These results are ahbreviated thus: 

thecoiineqfO^iil, 
Next take the tangent, 

^ Now ihe figure shews that the smaller the angle PAS is 
^ the smaller PM is and the nearer AM is to AP. that is. 
the smaller is the tangent; and by taking PAB small 
enough the tangent wm become as small as we please. 
These results are abbreviated thus : 

the tangent qfO^ieO, 
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l^ext take the cotangent, 

cotP^5=^. 

Now as ve bave already stated, the smaller the i 
PAB is the smaller PM is and the nearer ^ if is to 
that is, the larger the cotangent is ; and by taking Pu4. 
smaJl enough we cotangent will become as great as 
please. These results are abbreviated thus : 

ths cotangent qfifi %$ oo. 

Next take the cosecant^ 

oosec PAB^-p^. 

The reasoning is similar to that in the case of tba 
cotangent, and the results may be abbremted thus: 

the cosecant qfO^Uoo, 
Next take the secant. 

The reasoning is similar to that in the case of tlie 
cosine, and the r^ults may be abbreviated thus : 

the secant qfO^ ish \ \ 

I 

Since TersP^J?=l-cosP^^ we have results whidij 

we may abbreviate thus: I 

the versed sine qfQf^ isO. 

98. We have obtained the previous results by repeated 
reference to the figure, but it should be observed that from 
the first two results the others might have been inferred. 
Thus, for example^ 

X T> ^ T> sin PAB ] 

since . UxiPAJB^—^—^ i 

the tangent of 0* may be said to be equal to r, that is to 0. 



ALGEBRAICAL SIGNS, 
cos FAB 



mnPAB' 



^Igain cot PAB= 

\ the cotangent of 0^ may be said to be e<|iialto ~, that is 
I infinity. 

,^ 99. It is also necessary to hare a distinct conception 
of the fimits to which the Trigonometrical Ratios tend 
when the angle becomes very neariy a right angle. These 
may be obtamed from the figare, in the manner of Art 97 ; 
or they may be deduced from the results given in Art 97. 
We shall adopt the latter method. 

Thus, by Art 16, 
I sin90®=co8 0*=l, 

cos90<^=8in0*=0, 
tan90®=cot0* = ao, 
oot90*=tan0*=0, 
sec 90'e=co8ec 0®= 00, 
cosec90®=sec0*=l,» 

vers 90® = 1 - cos 90*sa 1. 

I 

100. Finally it is necessary to have a distinct concep- 
tion of the limits to which the Trigonometrical Ratios tend 
when the angle becomes very nearly two richt anglefl*. 
These also may be obtained frt)m the figure in Ac manner 
of Art 97 ; or they may be deduced frt)m the results given 
in Art 97. We shall adopt the latter method. 

Thus, by Art 95, 

8inl80*= sinO*- 0, 
cosl80®= -co8 0<^= -1, 
tanl80«--tan0«= 0, 
cotl80®--cot0®= 00, 
sec 180*- - sec 0® « - 1, 
cosecl80*=cosec0*^= .oo, 
vers 180«-1 -cos 180«=2. 
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101. One remiik nny be made to preyent a possit 
niacoiioqytioii ai boom of the preceding results. We liM 
put CO as the yalue of tan 90*. The student mnst 
■Miiim thatqo means neceosirily 4- go. If an ai^[;le is 
little leas than 90*, the tangent is large uadpontive; if i'^ 
aqgie is a little greater than 90^, the tangent is laige 
ni§aH9e; ao that in sajing that tan 90^ Ib a> we muat 
suppose that the sign + is necessarily to be taken before w.J 
So also in other cases. We have put oo as the value ol 
cot 180^, whereas the stadent might have expected — ao^ 
It is tme that if an angle is a Uttle less than 180^ thtt 
cotangent is negative; but if, as in a subsequent Chapter^ 
we suppose an angle a little greater than 180*, the cotan- 
gent is positiva 

102. The following table collects many of the results 
obtained in the present Chapter and Chapter m. 
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Examples. IX. 

1. Find the number of degrees in each angle of a regn- 
' pentagon. Find also the number of grades. 

2. The number of grades in an angle is equal to two- 
thirds of the number of degrees in the supplement of the 
angle : determine the angle. 

3. There are as many degrees in the complement of A 
as in the supplement of iA : determine A, 

4. Giyen sin^ = — , find the Trigonometrical Batio» 

fOT\A. 

5. Given cot -4 =2- ^3, shew that sec-4 = ^/6 -I- ^/2, 
and cosec A= J6- J2, 

6.^ If tan^sl + J2y find cos'^, sin'^, and ckm2A. 

7. If tan^ tanJ?=l, shew that sec ^= cosec ^. 

8. If tan 2^ = - 7 « find cos 2A, sin 2A^ cos A^ and sin^« 

4 

9. Shew that tan62i«=(^/3+ V2)(^/2-l). 

10. Given sin^=msin^, and cos^=sncosJ?, find 
m?A andsin^^. 

11. Given 8in^=msin^, and tan^=ntani9, find 
m^A and cos'j?. 

^ 12. If tan-44-sec-4 = 5, shew that sin-4 = — . 

13. If tan^ + sec-4 = a, shew that sin-4 = -j^ . 

14. Given sin -4 + cosec A = 2thW» ^^^ ^in A. 

5 



CS ErAMPLE& IX. 

15u If «iiJ^a»c^=«,dicirttBA 



sad aaiAr+6cos?x=«MnV, 

find sinTx ind smV- 
17. Shewtliift 



la Sheirtliat 

(4 oos'ui-l)' tarf^ +{3-4 00B»>47=8ec'X 

19. Shew geometricany that m 2^ is less than 
2wkA. ^ ' 

20^ Shew that 
co8ec^(8ec^-l)+8m^=cot^(l-co8^)+tan^. 

21. Given a=5, 5=20, (7=90», find A and A 

log 5 = -6989700, L tan 75* 57'= 10-6016170, 
i tan 76® 58' = 10-6021637. 

22. Given a = 965, h = 12*24, (7= 90^ find -4 and B. 
log 2 = -3010300, logl63=2-18469H log 193=2*2855573, 

L tan 38* 16' =9*89671 16, L tan Z^ 16' =9-8969714. 

23. If 8in^+co8u4=a+ ^(l-a*), shew that either 
sin A Gt cos4 is equal to a. 

24. If sin4=a+ \/\^ -<Ay find cos A 
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X. Properties qf Triangles. 

103. The present Chapter will contain some properties 
of triangles which are nsefol for the solution of triangles. 
'We b^n with a proposition which we haye already given 
in Art. 37, but which must be repeated in order to shew , 
that it holds^ for oblique-angled triangles as well as for ' 
acute-angled triangles. 

We retain the notation of Art 37. 

104. In any triangle the sides are proportional to the 
Bines qfthe opposite angles. 





Let ABC be a triangle, and from A draw AD perpen- 
dicular to the opposite side, meeting that side, or that side 
produced at 2>. ' 

If B and C are aetOs angles, we hare from the left* 
hand figure 

AD^ABsmB, and AD=ACfdnC; 

therefore • ABBmB=AOBbiCf 

AB fdnO 
sin -5' 



thenelbre 



that is 



AC 

c 
h 



sinC7 
'sin J?' 



If the angle C be ohtusey we have from the nght-han<i 
figure 

^2>=:^^sinJ9, and Ji>=^t78in(180*-O 

s=-4CsinC(Art95); 
5—2 
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therefore 

therefore 



that is 



ABATLB=ACs,mC, 

AB sin G 
AG'sinB' 

e^sinO 
h 



sin J?* 

If the angle C7be a right angle we hare 
AC^ABsinB, 



therefore 
that is 



AB 

AG' 




' %mB «mB 

£_smC 
6~sin^' 

Thus it is shewn that in every case 
<? _ sin C 
&""sinjB* 

a sin^ 
b 



(Art. 99), 



Similarly 



and - = . ^ . 



sin^^ 
The results may be written symmetrically thus: 

siQ ^ _ sin jg _ sin C7 
a " h " c ' 

and we shall shew hereafter that each of these is equal to 

^ , where R is the radius of the circle described roun<i 

the triangle. 
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105. In any triangle ABC the tangent qf haiff the 
difference qfthe angles B and Q is to the tangent of haHf 
their sum as the difference qf the two sides AB and AC ts 
to their sum. 




Let AB be the shorter of the two sides AB, AC. 
"With centre A, and radius AB, describe a circle cutting 
AC&t D, Produce CA to meet the circumference again 
at E, Draw BF at right angles to BB, meeting BC at F, 

The angle BAE is equal to the sum of the angles ABC 
and ACB, by Euclid i. 32; the angle BDE is equal to 
half the angle BAE, by Euclid in. 20; 

thus BBE=^{B^O. 

The angle ABB is equal to the sum of the angles BBC 
and BCB, by Euclid l 32 : 

thus BBC=ADB-BCB 

^l{B-,0-C=l{B-C). 
The angle BBE is a right angle, by Euclid in. 31 : 
thus ^=UnBDE. 

And —^tmDBC. 

Un\{B-C) DF BE BF 
luereiore i^^^b+C)' BB'^BB'^BE' 
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But DF is parallel to BE, by Euclid l 29; therefore, 
by Euclid vi. 4, 

DF BE 
DG~ CE' 

therefore ^=^=^^-^^ ^^-^^ 



thus 



BE~~ CE~CA+AE^ CA-^AB ' 
tani(^~C) ^ 6--« 



106. To express the cosine of an angle of a triangle 
in terms of the sides. 




Let ABC be a triangle, and suppose C an acute angles 
Draw AD perpendicular to BC. 
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Then, by Euclid n. 13, 

AB^=B(P^A(P-2BC. CD, 
and CD=ACcosC; 

therefore c' = a* + 6* - 2ab cob C. 



n 



Next BU] 
dicnlar to 



C an obtuse angle. Draw AD perpen- 
produced. 




Then, by Euclid n. 12, 

AB*=BC*-hAC^+2BC.CD; 

and CD=ACcosACD=ACcm(l80^-C)=-'ACcosCf 
by Art 96; 

therefore c" = a* + 6« - 2ab cos C 

Thus in both casea 



cosC= 



2ab • 



Moreover when (7 is a right angle «' + &*=<?', and 
cosC=0, by Art. 99. Thus the formula just found for 
cos C is true whatever the angle C may be. 



Similarly 



cos .4 = 






cos^= 



2ac • 
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107. To express the sine, cosine, and tangent, qf hcdj^ 
an angle of a triangle in terms of the sides. 

We have by the preceding Article 



cos^ = 



2bc 



therefore l-co8^ = l ^j-_ = _^^__. 

Hence, by Art. 35, 

(8mM)'=— ^5^ 

_ (a + b—c)(a + €-'b) 
4bc 

Let 2s stand for a + &4-c, so that «is half the snm or 
the sides of the triangle; then 

a-hb-c=a+h + c-2c=2s-2c=2{s-c), 

a + C'-'b=a+b-{-c-2b=2s-2b=2{s-b), 

Therefore (sin M)* = ^-^^^^^\ 

and . sinJ^ = ^(lEM^. 

Also i^cosA = l^^l±^J^'^. 
2bc 2bc 

Hence, by Art. 36, 



(cosi^)«=V 



43)c 

{a-\-b+c){b + c-a) _ s{s-'a) 
4bc . " be ' 



and coBiA^^'-^^. 



i 



r 
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From the values of sin ^ ^ and cos ^ ^ we deduce 



* ^ 8^8 —a) 



-h){8^c) 



108. To eapre88 the 8tne qf ths angle of a triangle in 
mm8 of the 8ide8. 

By Art 35^ sin^=2 8mi^^cos j^^, 
iherefore fmA^iJ^^^^^ J^ 

f =£^/*(.-aK«-ft)(«-c) (1). 

f- Or we may proceed thus : 

(Sin Ar=\- (cos J)'= 1 - (^^^^)' 

lerefore 



h 



. . n/26'<j» + 2c»a' + SaV - «♦ - 6* - c« ,„, 

■^^=^ 25^ ®' 



By comparing the two expressions for sin A we infer 

[^#(*-a) («-&)(*-(?)= jg , 

k&d this can be verified by multiplying out the factors 
!,#-«,*-&, and *-c. 
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Examples. X. 

1. If BmB=^\ya=3,b=%,^dA. 

2. One of the angles of a plane triangle is 120*, w^m 
the sides including it are in the ratio of 4 ^ 1 : shew tlu 

the cotangents of the other angles are 3 i^3 and ■— . 

3. If 5 = c(^/a-l), and ^ = 30®, find ^ and C. 

4. If 6= 2a, and C= 60°, find A, B, and c. 
6. Find ^ when a = 7, 6 = 6, c=3. 

6. If a, b, and c are 1^ feet, 1| feet, and 2 feet respc< 
tively, find C, 

7. The sides of a triangle are 7> 8, 13 : find the greater? 
angle. i 

8. The sides of a trian^fle are respectively 13 and 
feet, and the cosine of the included angle is || : find tl J 
third side, and also the perpendicular on it from tl^, 
given angle. 

fj 

9. Shew from the formulae for sin B and sin - tin 

i? = ^if.c»=&(6 + a). 

10. If a = 6, & = 4, and (7= 60®, find c ; having given 
log 3 = -4771213, log 7 = '8450980. 

log 45825 = 4-66 1 1025, log 45826 = 4*661 1 120. 

11. A perpendicular is drawn from the angle ^ of i 
triangle on the side BC meeting it at i>; and a perpei 
dicular from B on the side CA meeting it at ^: shew th;i 
I>E=cco3a 



[ 
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12. Shew immediately from the figure in Art 106 that 
a=5cos(7+ccos^. 

1 3. - From the result in the preceding- example and the 
ko analogous results deduce tne yalue of cos C given in 
Irt. 106. 

14. If sin A =p ^(1 -^+q ^/(l -p*), find cos A, 

• 1 K au xv X X 4 sin ^ 4- sin 2^ 

16. Shew that tan ^4 = r- 7 r-r . 

1 l+cos^-fcos2^ 

16. If tan ^ + cot -4 = 2, then sin -4+ cos -4= ^2. 

, 17. Find A from the equation ,^ 

I sec"-4 + cosec *-4 =» 3 secM. 

« 

i 18. The hypotenuse ^^ of a right-angled triangle is 
fdivided at 2> so that AD is to ^Z> as CB is to (74 : shew 

Lhat i^ACD=f,, CD=^l^\ 

r 19. From a ship at sea it is observed that the angle 
between two forts A and J9 is a; the ship sails for m miles 
towards Aj and the angle between the forts is then ob- 
[served to be /S; find the distance of the ship from B at the 
peeond observation. 

20. If a cos'^r-f 5 8in'a?= m cos*y, 
a gin'a? + b cos';i? = n sin^ p, 
and m tm*x ^ n tan^ p, 

> shew that (a + b){m + n)= 2mny 

I and tan^«=l. 
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XI. Solution of Triangles. 

109. To solve a triangle having given two angles am 
a side, 

Sappose A and C the given angles, and h the gives 
side; then 



a sin A /a.j.-./v^\ 

=7=-r^, (Art. 104.) 



., - &8in-4 

therefore a = — ; — fr- ; i 

/ sin^ ' 

J therefoixj5^roga=log5 + logsin-4— logsin^ ^ i 

=log& + 10l-Xsin^-10-ZsinJ5 i 

V ^kiBbv =log5 + Zsin-4-Zsin5. 

V Similarl^og<?=log5+isin<7-Zsin5/ 



mA 



110. 7b «o?«?^ a triangle having given two sides ai 
the included angle. 

Suppose h and c the given sides and A the incladecl 
angle. 



We have, by Art. 105, 








taiii(5 


-0) 

^0) 


b + c' 


Now 


A + B+fl=^ 


ISO®, 


therefore 


B+a= 


= 180" 


-A 


therefore 


i(^4-C7)=: 


900- 


A 
2 ' 



therefore tan J (5 + C) = cot ~ . (Art. 16.) 
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Hence tan^(^-0 ^»-g 

cot^^ 6 + c 

^refore tan i (5- C) = |^^ cot J ^, 

berefore 

' logtani(5-C0=log(6-c)+logcoti-4-log(6 + c), 

kerefore 

XtanJ(5-(7)=log(6-<:)+Xcoti^-log(&><?). i^. 

Thia formtila determines i(J9-(7); and i(^+(7) is 
Ibiown, since it is 90^-}^; then B and C can be im- 
Biediately found. 

Also ?-H5L^, 

c sin C 

berefore log a = log c + Z sin ^ — X sin C> 

Ifom ^which a can be found. 

t 

This process supposes h and <; to be unequal. If h and ^ 
equal, the triangle is isosceles; and then by drawing 
\ perpendicular from the angle A to the base the triangle 
nay oe divided into two right-angled triangles, and tiie 
olation may be completed as in Art. 78. 

111. To solve a triangle having given two sides and 
\ angle opposite to one qfthem. 

Let a and h be the given sides, and A the given 
Ifle; then 

sinJg_ h 
■ sin-4"'a' 

therefore sin J? = - sin A^ 

therefore log sin J5= log 6+ log sin -4 -log a, 
^erefore X sin i?= log & + Z sin ^ -log a. 
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If is less than unity, two different angles may 

be found less than 180® which have for sine, one of 

these angles being less than a right angle, and the other 
greater. If a be not less than b, then A must be not less 
than B, and therefore B must be an acute angle; thus 
only the smaller value is admissible for B, If a be less 
than b then either value may be taken for B. When £ is 
determined,. (7 is known, since it is lS(/^—A—B, and then c 
can be found from 

e _sinC 
a ~ sin A ' 

Thus if two values are admissible for B we obtain two 
corresponding values for C7and c, so that two triangles can 
be found from the given elements. 

If = 1 then Bvi & right angle, so that only one 

triangle can be found from the given elements. ' 

b sin A. 
If is greater than unity, no triangle exists witi 

the given elements^ 

Thus when two sides are given and the angle oi^posite 
to the less, we can generally find two triangles from the 
given elements, and this case in the solution of triangles is 
therefore called the ambigtums case. 

We sav that two triangles can be generally found, in^ 
order to allow for the exceptions : for the triangle may be 
righlrangledy and then only one triangle can be found ; or 
the triangle may be impossible. 

Some figures illustrating the solution of triangles when, 
the given 'elements are two sides and an opposite angk 
will be found in Art. 88. 



1 
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112. To solve a triangle having given tlte three tides. 
By Art. 107, we have 

. A /{s-b){S''e) 



I A /sis- a) 

^2 V 9{s-a) ' 



ind similar formulffi are true for the other half angles. 
Any one of the three formulso will serve for finding the 

|uigle ^ ; the formnlse for the tangent will however be the 

best to use with logarithms, because then we only reanire 
fbe logarithms of s,s— a, s—b, and s-c in order to fina aU 
Ihe angles ; whereas if we use the formuke for the sine or 
eosine, we shall require also the logarithms of the sides. 

113. We will now take some examples of the solution 
||f iriangles; we shall not give the process of appMi^ the 
principle of i>roportional p^s, for this has been sufficiently 
exemplified in Chapters YL and YIL: we shall merely 
state the results. 

Bx.(l). Giren 6=2347, c=185-4, ^=84*36', 
^tani(i?-(7)=log(6-rc)+Zcoti^~log(i+c). 
5-<:=49af, & + c=420-l, J^=4^18'. 
Log 49-3= 1-6928469 

i:cot42<>18'=100409920 

] 

11-7338389 
log 420-1= 2-6233527 

XtanJ(:S-C)= 91104862^ 
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Hence we find from the tables 

1{B-C) = T 20' 66" nearly, 
and i(5 + 0)=47M2'. 

Thus 5=65<»2'56", (7=40»21'4". 

And log 185-4= 2*2681097 

Zsin84«36'= 9-9980683 

12-2661780 
Z sin 40^ 21' 4"= 9'8112196 



loga= 2-4649686 
Hence we find a ^ 285-0746. 

Ex. (2). Given a=283-4, 5=348S;, ^ = 32<>16'. 
Z sin -B = log 6 + Z sin ^ — log a, 

log 348-5= 2-5422028 i 

Zsm32*16'= 9-7272276 ^ 

12-2694304 
log 283-4= 2-4623998 j 

Z sini?= 9-8170306 ' , 

J5=41<> 0' 36", or-158<^ 59^ 24". 

This is an example of the arnbigtioug ease, so that theroi 
are two triangles with the given elements. 

If we take 5= 4l<> O' 36" we have 

(7= 106® 44' 24". 
Then log<?=loga+Zsin(7-Zsin-4, j 

log 283-4= 2-4523998 
Zsin lOO^' 44' 24"=Z sin 73*' 16' 36"= 99811940 

12-4336938 
Z an 32^16'= 97272276 



logc= 2-7063662 
Hence we find c=508'588. 
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I If we take B=IZ%^ 59' 24", we have 

I C= 8^5' 36". 

I log 283-4= 2-4523998 

L sin 8® 46' 36" = 9-1826882 

11-6350880 
Z sin 32® 15'= 9-7272276 

j logc= 1-9078604 

Hence we find c = 80-8836. 

Ex. (3). Given a= 15, 6 = 16, e=V!. 

Here *=^ (15 + 16 + 17) = 24, 

*-a=9, «-6 = 8, *-c=7. 

j log 8= -9030900 log 24=? 1-38021 12 

I log 7= -8450980 log 9= '9542425 

^ 1-7481880 2-3344537 

1-7481880 
I 2)-5862657 

^ -2931328 

Ztan^ = 10+l:?^^-?l?l^^ 

I = 10 --2931328 =9-7068672. 

> Hence we find —=26® 69' 3". 

F 2 

Similarly we find — = 29® 48' 18". 
Hence ~ = 90®- ^ - f =3S® 12' 39". 
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EXJLMFLGSL XI. 

1. GiTena=2.>4^ ^=16*, C=64Vfiiid6. 
kg 2-M=--ttM633T, Z sin 8C»= 9-99335 15, 
lo57-109=-S515GS5, i an 16*= 9-4403381. 
lag 7-ll=-S51S69C, 

2. Given a=274^ ^ = TS», ^=54»: find 5. 
Iag274 =2-4377506, L sin 78*= 9*9904044, 
log226-62=2-35529S2, X sin 54*= 9-9079576. 
kg 226-63=2-3553174, 

3. GiTcna=1000, iB=104«, C=24*29'20": find &• 
log 12396 = 4-0932S16, Z sin 76« = 9-9869041, 
log 12397=40933166, L 8in51»30'=9-8935444, 

L sin51«31'=9-8936448. 

4 Given 6 = 55, c=45, A = b^\ find 5 and (7. 
L tan 87*= 11-2806042, L tan 62® 20'= 10*2804451, 
L tan 62<> 21'= 10*2807524. 

6. Given &=21, c = 10-5, ^ = 36* 52' 12": find B 
andO: 

log 2= -3010300, Z cot 18* 26' 6" =10-4771213. 
• log 15 = 1-1760913, 

6. Given & = 426, c=354, ^ = 49® 16': find B and C. 
log 78 = 1*8920946, Z cot 24<> 38'= 103386231, 

log 72 = 1*8573325, Z tan 1 1^ 22' = 9*3032609, 
Ztanll«23'= 9*3039143. 

7. Given 6 = 100, c = 60, A = 42® 30' : find B and CI 

log 2 = -3010300, Z tan 32^ 44'= 9*8080829, 
L cot 2l<» 15' = 10-4101858, Z tan 32® 45' = 9 8083606. 



( 



8. 
and a 
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Given 5 = 82471, c=63529, ^ = 43M0': find B 



log 18942=4-2774258, 
log 146 = 21643529, 



Ztan68«25' ,= 104027530, 
Z tan 16*9' 20"'= 9*5157731, 
XtanlS<>9'30"= 9*5158442. 

9. Given 6=3754001, c=327762-9, -4 =57* 53' 16" 8: 
find B and C. 



Z cot - = 10-2572497, 



log 703163 «5-8470561, 
log 47637*2-4 6779462, Z tan 6<> 59' 2"*4 = 9*0881398. 
c«4*6, ^ = 48<>20': find B, C, 



10. i. Given 5=575, 
and €t, 

log 1*25 = -0969100, 
log 4-3485= -6383382, 
log 4-5 = -6532125, 
log 10*25 =1*0107239, 

11. Given « = 528, 
and C. 

log 252 = 2*4014005, 

log 628 = 2*7226339, 



12. Given o=120, &= 
log 2 =-3010300, 
log 3 =4771213, 
log 1*3797 = *1397847, 
log 1*3798 = -1398161, 



Z tan 65« 50^ = 10*8480258, 
Z tan 16« 12' 16"= 94342119, 
Z sin 48*20' = 9*8733352, 
Z sin 50* 37' 44"= 9-8882095. 

5 = 252, ^ = 124*34': find B 

L sin 56* 26'= 9*9156460, 
Z sin 23* 8' =9*5942513,. 
Z sin 23* 9' =9-5945469. 

80, .^=60*: find^, C7and <?. 
Z sin 35* 16'= 9*7612851, . 
Zsin36*16' = 9*7614638, 
Z sin 84* 44'= 9-9981626, 
Z sin 84* 45' = 9*9981 743. 



13. Given a=21-2l7, 5=12*543, -4 = 29*51' 
and a 



findZr 



log 21217 -=4*3266840, 
log 12543 = 4*0384014, 



Z sin 17*6'40"=9*4686806, 
Z sin 17* 6' 60"= 9*4687490, 
Z sin 29* 51' = 9*6969947. 

6—^ 
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14. Given log a=-97l7973, log 5= 8929345, 

A = Wl^W\ find ^,(7, and log c. 
L sin 70« 12' 10" = 9*9735422, Z sin 58* 6' 30" = 9-0289325. 
L sin 51® 41' 20" = 9*8946794, 

15. Given o=36, &=44, ^ = 32«42': find ^ and CI 
log 3= -4771213, Z sin 32» 42' =9-7326870, 

log 11 = 10413927, Z sin 41<> 19' = 9-8196888, 
Z sin 41*20' = 9-8198325. 

16. Given a = 10, 5 = 15, Z sin ^=9*5228787, 

log 3 = -4771213: find A 

17. Given a = 2-22, & = 318, c =406: find ^. 
log 478 = 2-674861 1, log 251 = 2*3996737, 

log 406 = 2-6085260, Z cos 16*28'= 9-9818117, 
log 318 = 2-60*24271, Z cos 16* 29' = 9*9817744. 

18. Given a=ll, 6 = 13, <;=16: find all the angles, 
log 2«-3010300, Z cot 21* 31'= 10-4042321, 

log 3 = -4771213, Z cot 21*32'= 10-4038620, 

log 7 = -8450980, Z cot 41* 35' = 100519190, 

Z cot 41* 36'= 10*0516646. 

19. Given a=25, 6=26, c=27: find all the angles, 
log 35 = 1-5440680, Z tan 28* 7' 30" = 9*7279668, 
log 3= -4771213, Z ten 2b* 7' 40" =9*7280074, 

Z tan 31* 56' 60" = 9 7948986, 
Z tan 31* 57' =9*7949455. 

20. If the angles of a plane triangle be in Arithmetical 
Progression, and the greatest side be to the least as 5 is to 
4, find all the angles. 

log 3 = -4771213, Z tan 10* 53' 30" = 9-2842475, 

Z tan 10* 53' 40"= 9 2843610. ^ 
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XII. HeightM and DUtaneei. 

114. We have already in Arts. 38. . .4&ooii8idered some 
of the cases which properly belong^ to the present Chapter ; 
and the jstudent is advised to read those Articles again 
before proceeding to the additional investigations which 
we shall now give. 

115. To find the height qfan inaccessible object placed 
on ahUL 




Let P be the top of the object, PQ its height; let A 
and B be two points in a horizontal plane, such that 
P^ Qy Aj B are all in the same vertical plane. Let PQ 
produced meet BA produced at (7. At A observe the 
angles PAG and QAG\ at B observe the angle PBC\ 
I and measure AB, 

I The angle APB^PAC-PBG, and is therefore 
known. 

^, AP vinPBA 

Then -rn = - — aittj ; ^ 

AB »mAPB'% 

therefore AP= — . — 5^7,— . 

sm APB 

* The angle PAQ= PAG- QAGy and is therefore known. 
The angle PQA = QGA-¥QAG=m^'\'QACy and is ther^ 
fore known. 

1 Then Sf='45^; 

PA sinPQA * 

XV f T>^^ PAsinPAQ 

therefore PQ^ ^uPQA '^ 

thus PQ is known. 
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Also CQ may be found, if required. For we may find 
AG from the triangle PAG, and then GQ from the triangle 
ACQ, Or we may find PG from the triangle PAG, and 
then by subtracting PQ we have GQ. 

116. To find the distance between two inaccessible 
points which are visible from two accessible points. 




Let P and Q be the inaccessible points; A and B the 
accessible points, from which P and Q are yisible. 

We will first suppose all the four points to be in the 
same plane. 

At A observe tffi angles PAQ and QAB; at B ob- 
serve the angles PBA and QBA ; and measure AB. 

Then in the triangle APB, the side AB and the angles 
PAB and PBA are known; thus PA can be found. 
Again, in the triangle ABQ, the side AB and the angles 
QAB and ABQ are known; thus AQ can be found. 
Lastly, in the triangle PAQ, the sides AP and AQ and the 
angle P-4Q are known; thus PQ can be found. 

If the four points are not all in the same plane the only 
dififercnce is that we must observe the angle PAB as well as 
the angles PAQ and QAB; for now the angle PAB will 
not be equal to the simi of the angles PAQ and QAB, 
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117. Sappose that in the figure of the preceding Ar- 
ticle we know PQ and wish to determine AB without 
measorement, having observed the same angles as before. 
We may adopt the following method : 

Weh«ve AP^^^,-^§^, 
sm APB ' 

j^ ABamQ BA 

^^" ainAQB ' 

and, by Art. 106, 

PQ»=AP*+A(P-2AP.AQ cos PAQ : 

therefore 

^ {em^APB sm^AQB 

2 sin PBA si n QBA cos PAQ ) 
sin APB sin AQB j' 

From this formula we can determine AB^ since PQ and 
all the angles which occur are known ; but the formula is 
not suited for the application of. logarithms. Hence the 
following method is practically better: 

Suppose a second figure similar to ABQP and denote 
it by a^gp ; then we shall have 

ABdb 

PQ~pq . 

Hence assume any value for ah, and calculate pq from 
the observed angles by the method of Art. 116; uien find 
AB from the relation just given. 

118. 'The problem in the next Article is of practical 
importance for military and other purposes. It may be 
necessary to know the distance of a station from some in- 
accessible objects; by the aid of a good map the distances 
of three prominent objects from each other may be ascer- 
tained, and then by observing angles and by calculation we 
can determine the distance of a station from these objects. 
This we shall now shew. 
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119. Given the distances of three points from each 
otTier, to find their distances from a station in the sa^ns 
plane with them. 




Let Ay B, C' denote tlie three points, so that AB^ BC 
and GA are all known. Let the angles which AB and BG 
subtend at the station be observed. At tiie point A make 
the angle GAD equal to the observed angle at the station 
subtended by BG\ and at the point G make the angle 
AGD equal to the observed angle at the station subtended 
by AB, Describe a circle round the triangle AGD^ and 
produce 2>-5 to meet the circumference again at S, Then 
^S' will denote the station. 

For the angle BSG-\\i& angle GAD^ and the angle 
j5AS4 = the angle AGD\ by Euclid m. 21. Hence the 
angles subtended at S by BA and BG are equal to the 
angles observed at the station ; and therefore S denotes 
the station. Thus SA^ SB and SG represent the Uiree 
required distances : and we shall now shew how they may . 
be calculated. 

In the triangle ADG the side AG and the angles GAI> 
and AGD are known; thus AD can be found. In the 
triangle ABG all the sides are known ; thus the angle 
BAG can be found. Hence the angle BAD is known. In 
the triangle BAD the sides AB and ADy and the angle 
BAD are known; thus the other angles can be found. 
Hence the angle ABS is known. In the triande ABS the 
side AB and the angles ASB and ABS are known; thua 
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S9 



lihe sides SA and SB can be found. In the triangle ASG 
|the sides AG and AS wi\di the angle AiSC are known; 
fthns the side SC can be found. 



120. In some problems the directions of straight lines 
|are indicated by the terms used in the Mariner's Compass, 
Irhich we will now explain. 




The circumference of a circle is divided into 32 equal parts. 
Thus there are 32 Points, which have the names indicated 
in the ^gure, where N. S. E. aud W. stand for North, 
South, East, and West respectirely. The angle between 

two ac^acent points is -r^r- , that is 11^*. 

Hence we can readily determine the angle between 
straight lines drawn in directions which are indicated by 
these names. For example, if one object appear N.B. of 
an observer and another K.S.E. the angle between straight 
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lines drawn from the observer towards these two objects is 

6xllJ»,thatis67i^ 

121. The earth is known to be very nearly spherical in 
shape. Suppose that from any point above the earth's 
surface straight lines are drawn to touch the earth. Then 
neglecting the inequalities of the earth's surface these 
straight lines will touch the earth at points which lie in the 
circumference of a circle. This circle touches the portion 
of the earth's surface which is visible to a spectator at the 
point from which the straight lines are drawn, and is called 
the terrestrial horizon of the spectator. 




Thus let denote the centre of the earth, P a point 
above the surface, PB a straight line drawn from P to 
touch the surface at B : then i? is a point on the horizon. 
Draw PC at right angles to PO in the same plane as B 
and 0\ then the angle CPB is called the dip of the hori- 
zon at P. 

Let OP cut the surface of the earth at A. Let the | 
angle BPC be denoted by 6, The following relations hold : 

The angle BOP = BPG= 6, 
OP = OBaece, 

AP = OP^OA = OA{aec0-l)^ ^^^^''^^^ , 

^ ' cosd ' 

PB= OB tan 6= ;r tan ^ = 



1-cos^ 



1-cos^ 
=^Pcot2,byArt. 35. 
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» These relations are useful in solving^ problems relaUns^ 
the dip of the horizon, and the distance of the horizon. 

A formula which depends only on Geometry may be 

Feniently noticed here. We know by Euclid in. 36 
PB'^PA^PA^^OA)', 

tolw in all cases which can occur in practice PA is ex- 
ittDiely small compared with 20Ay so that we have yery 
|Rnx>ximately 

Pm=2PA,0A. 

The number of miles in OA is about 4000; let n 
lenote the number of miles in PB : then the number of 
htm PA 

_ (w X 5280 )' ^ 528n« _ 66n' 2 , . 
■" 2 X 4000 X 5280 " 800 ~ 100 " 3 ** nearly. 

2 
Thus if w = l we have A=- of a foot =8 inches nearly ; 
t> 
2 
if n =2 we hare A= - of 4 feet = 32 inches nearly. 
3 

The surface of still water though apparently plane is 
peally carved ; and it appears from the above calculation 
^t an object less than 8 inches above the surface of still 
Hater will be invisible to an eye on the surface at the 
distance of a mile. 

122. The term angle of depression sometimes occurs in 
problems of heights and distances : in such cases the spec- 
tator is supposed to be at a point P above the surface of 
&e earth, and the angle of depression of any point is the 
ingle between the straight line PC and the line drawn 
from P to the point, which is somewhere below PC, 
Shnilarly to a spectator at P the angle of elevation of a 
point is the angle between PC and the straight line drawn 
from P to the point which is somewhere above PC, 
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Examples. XII. 



1. The angles of depression of the top and bottom of 
a column observed from a tower 108 feet nigh are 30* and 
60^ respectively : find the height of the tower. 

2. At the foot of a monntain the elevation of its 
summit is found to be 45*. After ascending for one mile, 
at a slope of 15^ towards the summit, its elevation is found 
to be 60*. Find the height of the mountain. 

3. A and B are two stations on a hill side ; the in- 
clination of the hill to the horizon is 30*; the distance 
between A and B is 500 yards. C is the summit of anothei* 
hill in the same vertical plane as A and J9, on a level with 
A, but at B its elevation above the horizon is 15*. Find 
the distance between A and <7. 

4. A ship which is known to be sailing due East at 12i 
miles an hour, was observed at noon to be 15* to the East of' 
South ; at 1 h. 30 m. after noon the ship was seen in the 
South East: determine the distance of the ship when first 



6. A person wishing to know the distance of a point G 
measures a straight line AB, and finds it to be 100 yards ; 
he observes that the angles BAG and ABC are respec- 
tively 53* 20^ and 59*30': determine the distance of G 
from A. 

L sin 59* 30' = 99353204, log 93489 = 4*9707605. 
Z sin 67MO'= 9-9645602, 

6. A person standing on the bank of a river observes 
the elevation of the top of a tree on the opposite bank to 
be 51^; and when he retires 30 feet from the river's edge 
he finds the elevation to be 46°: find the breadth of the 
river. 
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L sin 46^*= 9-8569341, log 3 = -4771213, 

L sin 39*^=9-7988718, log 1-55823 = '1926316, 

Zsin 6" =8-9402960, 

7. From the top of a hill I observe two milestones on 
the level ground in a straight line before me, and I find 
their angles of depression' to be respectively 5® and 15®: 
find the height of the hill. 

Zsin 5^=8-9402960, log 12990 = 41136092, 

Z sin 10'= 9-2396702, log 12991 = 4-1136426. 

^ Zsinl5<>=9-4129962, 

8. A tower is situated oh the top of a hill whose angle 
of inclination to the horizon is 30®; the angle subtended 
by the tower at the foot of the hill is found by an observer 
to be 15®; and on ascending 485 feet up the hill the tower 
is found to subtend an angle of 30**: find the height of the 
tower and the distance of its base from the foot of the hill. 

^ log 3= -4771213, log 280015 = 2-4471813. 

log 485 = 2 6857417, 

9. ABGD is a rectangular piece of water the dimen- 
sions of which are required, but on account of the nature 
of the ^ound the onlv measures which can be taken are 
the angles that BC subtends at A^ and at a point P which 
is 220 feet from A in BA produced, the former being 71® 
and the latter 55®. Find the length and breadth of the 
rectangle. 

• Z sin 16®= 9-4403381, log 2 2 = '3424227, 

Z sin 55®= 9-9133645, log 2-12858 = -3280900, 

Z sin 71®=9-9756701, log 6-181S6=-7911193. 
Z cos 71®= 9-5126419, 

10. In a survey it is found necessary to continue a 
straight line AB past an obstacle, which, from its height, 

f hinders the view of the {>arts beyond. A straight line BD, 
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is therefore measured at right angles to AB, and from thi 
point D straight lines DP, DQ are drawn which clear the 
obstacle ; the angles BDP and BDQ are fomid to contair 
41® and 68® respectively, the distance BD being 180 yards 
Determine the lengths which must be set oflf along £>I 
and DQ to ensure that PQ shall be in the prolongatioi] 
of^^. 

Z cos 41®= 9-8777799, log 1*8= 2552725, 

L sin 22® = 9-5735754, log 2*33502 = '3774920, 

log 4*80504= 6816970. 

11. A ship of a blockading squadron lies 4 miles tc 
the South of a narbour, and observes that a ship leaves th( 
harbour in a direction E. 30® S. If the blockading shij 
sails 12 miles an hour, in what direction must she go so at 
to cross the course of the other ship in three quarters of ar 
hour? i 

L sin 22® 38'= 9-5852716, log 2 = -3010300, ' 

X sin 22® 39' = 9*5855745, log 3 = 4771213. ' 

12. The courses of two ships are N. and E. and thei ^ 
rates of sailing are equal ; the bearing of the former' witi 
respect to the latter was E.N.E., but after each had saileci 
four miles the bearing was N.N. W. : determine the distanci * 
between the ships at the time of the first obsen^ation. I 

13. While sailing S.W. I observe two ships at anchor, 
one N.N.W., and the other W.N.W. Alter running 
5 miles these ships are seen N. and N.W. respectively^ 
Determine their bearing and distance from each other. | 

14. A ship sailing out of harbour is watched by an 
observer from the shore ; and at the instant she disappears^ 
below the horizon he ascends to a height of 20 feet, and 
thus retains her in sight 40 minutes longer. Find the rate 
at which the ship is sailing, assuming the Earth to be s 
sphere of 4000 mues radius. 
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I 15* An obserrer from the deck of a ship 20 feet above 
)fb leT^ of the sea can just see the top of a distant light* 
lose, and on ascending to the masth^, which is 60 feet 
h>Te the deck, he sees the door which he knows to be one- 
Inih of the height of the lighthouse above the level of 
M) sea. Find his distance from the lighthouse and its 
right, assuming the Earth to be a sphere of 4000 miles 
uiius. 

16. Two observers in the same horizontal plane sta- 
oned at a distance of 200 yards from. each other observed 
le altitude and bearing of the top of a tower; to one of 
kem the altitude was 60^ bearing IS. W., and to the other 
to altitude was 45® bearing W.: find the height of the 
Hrer. 

,17. A flag staff a feet hi&^h on the top of a tower is 
len from a certain point in the horizontal plane on which 
he tower stands to subtend at the eye of the observer an 
|ual angle (A) with the tower itself. Shew that the 
eight of the tower =a cos 2^. 

18. A person walks a yards from A\jqE along AB 
le side of a triangle ACB^ and observes the angle 
f^^=^; again he walks h yards from ^ to .F along Uie 
de BA and observes the angle GFB also -6\ the whole 
istance AB being c, solve the triangle ABC, 

19. The angular elevations of the top of a tower are 
bserved to be a, /3, y at the stations A^ B, C respectively ; 
tie stations are in a horizontal straight line, the direction 
r which does not pass through the tower ; the distance 
^m A\s> B ]r p, and from Bto C h q^ and B is between 
\ and (7: shew that »cot*y+g'Cot'^a is greater than 
p^q) coi^p, 

20. The altitude of a cloud was observed to be a« and 

iiat of the sun in the same direction to be 0, ana the 

istance of the shadow of the cloud from the station of the 

bserver was found to be c feet: shew that the height of 

1^ , , csinasin/3. . 
he cloud was — r-7 — -^ feet 
8m(a— p) 
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In solving the following Examples the Tables will be 
required : 

21. From a window it is observed that the angle of 
elevation of the top of a house on the opposite side of the 
street is 29**, and the angle of depression of the bottom of 
the house is 56** ; determine the height of the house, sup- 
posing the breadth of the street to be 80 feet. 

22. The elevations of two mountains in the same, 
straight line with an 'observer are 9® 30' and 18° 20' : on ap-' 
proaching four miles nearer they have both an elevation of 
37®. Find the heights of the mountains in yards. , 

23. P and Q are two inaccessible objects ; a straight 
line AB in the same plane as P and Q is measured and 
found to be 280 yards; the angle PAB is 95**, the angle 
QABh 4T 30', the angle QBA is 110^ and the angle PBA 
is 52<* 20'. Determine the length of PQ. 4 

24. A,B,C are three objects at known distances apart ; 
namely AB =1056 yard-*, AG=924 yards, and CB=1716 ' 
yards. An observer places himself at a station S from ' 
which G appears directly in front of A, and observes the 
angle CSB to be 14** 24'. Find the distance CS, 

25. Ay By (7 are three objects at known distances apart ; 
namely AB =S20 yards, AC=600 yards, -5(7=435 yards,; 
Fr5m a station /^ it is observed that ASB=\6^, and; 
BSG=ZO\ Find the distances of jS from A,B, and C; 
the point B being nearest to JS, and the angle ASC being 
the sum of ASB and BSC. 
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XIIL OeometriccU SoluiioM. 

[^ 123. The present Chapter will consist of Geometrical 
jMutionfl of some Trigonometrical Ftoblems. 

124. To construct an angle toith a given tine or 
tosine, 

^ Suppose we require an angle the eine of whidi is a 
Kiyen quantity a. 



Describe a circle with unity for its diameter, and draw 

7 diameter AB of this circle. With centre B^ and 

lins equal to a, describe a circle; let C be one of ^e 

nts where the circumferences of the two circles inter- 

\^om AC KsABC. 

I Then ACB is a right angle, by Euclid ni. 31 ; and 

fherefore the sine of BAC is -jg« that is a. Therefore 

^AC is such an angle as is required. 

If we require an angle the cosine of which is a given 
Quantity a, then the same constraction may be made; and 
ABC'mSL be such an angle as is required. 

125. .If an angle is required to have a given cosecant^ 
tlien since the cosecant is the reciprocal of the sine the 
tngie must have a ^own sine, and therefore may be found 
by the preceding Article. 

7 
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Sunilarly, if an angle is required to haye a giren seem 
or a giyen vened tine, the angle must have a knofi 
cofiine, and therefore may be found by the precedii 
Article. 

126. To anutruei an angle with a given tangent < 
cotangent, 

QnppoBe we require an angle the tangent of which is 
giren quantity a. 

If the tangent of an angle is a the cosine is // 2_«_ xx f 

and the sine is —tj-^ — rr . Therefore since these qnantir 

ties are known, we can constmct the angle by Art. 125^ 
Or we may proceed independently thns : 




Take a straight line AB the length of which is unity j 
draw BO at right angles to AB and eqnal to a, and jom 



CA. 

BG 



Then the tangent of BACi&-j^y that is a. Therefore 
BAG is such an angle as is required. 

If we require an angle the cotangent of which is a given 
quantity a. then the same construction may be made; a- n d 
AOB ym. be such an angle as is required. 
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L 127. To divide a gieen angU into two parti which 
^kaU have their einee in a given rcUio, 

, Let BAG he the given angle, and lei it be required to 
divide it into two parts, such that the sine of one part may 
ie to the sine of the other as m is to n^ 

Draw a straight line JTP parallel to AB, and at a 
distance m from it; draw a stirasght line LP parallel to 



l.^ »<•■ Tin: >-\ 



ACf and at a distance n from it. Let P be the point of 
intersection of these straight lines ; join AP, Then AP 
flhidl divide the angle BAUia the required manner. 

For draw P-ftTperpendicnlar to AB, and PN perpen- * 
dicolar to AC. Then 

mnPAB^^jp^jp; 
smP^(7=^=3p; 



therefore 



sinP^^ _ m , n m AP _m 

mPAa''AP'^AP''AP^ n n' 

7—2 
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128. To divide a given angle into two parts vohic^ 
shall have their cosines in a given ratio. 




Let B^Obe the ^ven angle, and let it be required to 
dividrit into two parts, such that the coBine of one part 
may be to the cosme of the other as WIS ton. 

On AB take AM=^m, and on ^^ take ^iV^=»; draw 
2fP at itebt angles to AB, and NP at nght angles to 
AC Let? be the point of intersection of these ^rjught 
lii^; jSn^P. Th?n AP shall divide the angle BAG in 
the required manner. 



_, .„ AM_ m . 
For cosP-45=3p-2p> 



^,^ AN n 

COB p^a=2p=zp- 



therefore 



C08P-45__W_^J?-=^X — =-. 

5Sp20""u4P' AP AP n n 

If the point P does not fall within the angle BAGy we 
conclude that the angle cannot be divided into two parts in 
the proposed manner. 

129. To divide a given angle into two parts which 
shaU have their tangents in a given ratio. 



r 
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Let BAC be the giyen angle, and let it be required to 
divide it into two parts such that the tangent of one part 
may be to the tangent of the other as m is to n. 




Take any straight line MN, and divide it at D so that 
DM may be to ^iVas m is to n. On MN describe a 
segment of a circle containing an angle equal to the angle 
BAC; draw DE at right angles to MN meeting tiie 
circumference at E, Join ^J!f and EN, Then ED shall 
divide the angle MEN in the required manner. 



For 



therefore 



tan 2>-EJf= 



DM 
DE' 



ism DEN-- 



DN 
DE' 



tan DEM DM . DN DM m 
isuiDEN'' DE DE^ DN" n 



At the point A^ in the straight line AB^ make the 
angle PAB equal to the angle DEN; then PAC is equal 
to DEM I BJiaAP divides the angle BAC in the manner 
I required. 

I 130. To divide a given angle into two parts which 
\ ihall have their cotangent* in a given ratio. 

This may be solved as m the last Article. For with 
i the notation there used we hare 



cot DEM= 



DE 



therefore 



DM' 
cot DEN DE 
cot DEM^DN' 



cot DEN=^; 

DM _m 
DN" n' 



DE 
DM 
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131. Bv the aid of a problem in Enclid we can find an 
expression for the Trigonometrical Ratios of an angle of 
18^ as we will now shew. 




B At B 

In Euclid iv. 10 the following result is obtained: 

ABD is a triangle in which AB^AD, and C7 is a poitit 
such that AB, BC=AC^ ; and AC=BD : then each of the 
angles at ^ and D is double the angle at A. 

Hence the angle at ^ is the fifth part of two rislit 
angles, and ther^ore contains 36®; and each of the angles 
at £ and D contains 72^ 

Draw ^ilf perpendicular to BD; then the angle BAM 
contains 18^ 



thus 



Since AB . BC=AC*, we have 

AB{AB-AC)=A(P; 
AC^ AG 



AB^^AB'^-''' 



By solving the equation we obtain 
^a_ ~l=fcN/5 
AB" 2 ' 



AC 



and we must take the upper sign^ for -j^ is a positire 

quantity. Thus 

AC_ ^/5>-l 
AB' 2 • 
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. ^^ BM \BD \AC J5-1 

Hence we may dedace the values of the other Trigono- 
metrical Ratios for an angle of 18*. For 



C08?18*=l-8in»18*=l-(^^y 



6-2^/5^10 + 2^5. 
16 16 ' 

\ And so on for the other Trigonometrical Ratios of 18*. 
Again, draw (7iV* perpendicular to AB- 

Then cos 36*= ■^; 

and AN=ND^ for the triangles ACNml DON tire equal 
in all respects; thus 

,^ I AD 1 (J5-H) 

^^^"2 AG" ^/5^1~(^/5-l)(^/6 + l) 

"" 4 • 

Or we may obtain this result withoot recurring agam to 
the figure. For, by Art. 35, 

. « 2(n/5-1)2 , 3-V6 
cos3e»==l-2 8m«18«=l-^^^^^'^^^ j^ 

V5 + 1 

Then sin 36*= ^^(l-c08«3O=-^^^^^=^^^ 
And so on for the other Trigonometrical Ratios of 36 . 



104 EXAMPLES. XIII. 



ElLAMPLBa XIIL 

I. A certain angle is eqnal to four times its oomple- 
ment: determine the angle. 



2l The sine ci one angle is eqiuJ to the cosine of 
ther; and the nmnhor of degrees in one is three-fifths o1 
the number (^grades in the other : determine the angles. 

3. Gonstract an angle whose tangent is four times ita 



4. Biyide a giren angle into two part& so that the 8in<_ 
of one part may bear a given ratio to the cosine of the 
other part 1 

8. Shewthat *^>^''*^ » =t«n^tenJ. 

oot^+oot^ 

6. Shew that the area of any qoadrflateral fiffore is 
eanal to half the product of the two diagonals into the sine 
of the angl^ between them. 

7. In the ambigtioug case when a, h and A are given, 
shew that the difference of the squares of the two values of 
the third side is 45 cos ul ^/(a'-c^ sin" -4). 

8- ^ fe=V2, and £| = V3, find « and ^. 

9. If sin ^ sin ^= sin a sin ^> cos 2I cos J? = cos a cos /3 
and cos*-4+cos"jB-cos2y=l; 

then sin'a+sin*/3=8in*y. 

10. If cos «=n sin a, and cot ^= sin a cot i3, then 

cos'/9= 5 — r- . 

l+n^cos-^o 
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11. Ifoo8ec'^=mtan^ andsec^^^Ticot^y 
hen {mnf = ( Jm + ^n)*. 

12. A rock is observed from the deck of a vessel to 
' N.N.W.; and after the vessel has sailed 10 miles in 
direction E.N.R the same rock bears due W. Find 
distance of the rock from the observer at the time of 

ch observation. 

13. A0i3 horizontal ; AB, CD are two vertical towers. 
The angle of elevation of 2> observed at -4 is a, and observ- 
Bdat^isiS; and^^=A. ¥md ACandCD. 

14. If a=10, 5=8, c=12, find the angles: 
log 2 = -3010300, X cos 41* 24' = 9-8761256, 
log 3 =4771213, Z cos 41*26' = 9-8760142. 

15. If a = 1, 5 = 7, c= V(56), find the angles : 
log 2 = -3010300, L sin 32* 18'40" = 97279609, 
log 7 = -8460980, L sin 32® 18'50" = 97279942. 

! 16. A straight line CD subtends an angle a at a point 
A and also at a point B; and CA is at right angles to BD : 
shew that AB^CD cot a« 

I 17. If cos ^= tan X cot o, cos0=tanXcotj8, and 
sec ^ sec =8ec X tan ^ tan (^ — tan a tan ^ ; 

Ihen cos' X = cos' a cos' /3. 

I 

18. Find sin A and sin B from the equations 
asin'^ + 6 8in'J?=c, a sin 2^=6 sin 25. 
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XrV*. Properties qf Triangles, 



1 



132. The i)resent Chapter wOl contain some misoella- 
neous propositions chiefly relating to properties of tri- 
angles. 

133. To find an expression for the area qfa triangle 
in terms of the sides. 

If h and e denote two sides of the triangle, and A the 
included angle, the area lA^hctmAhj Art 47. Now by 
Art. 108 

2 

sin^ = ^s/{*(*-a)(*-5) (*-c)}; 

therefore the area of the triangle = fj{s{s-a){s'-h){s-e)}. 

By the same Article, we have the area of the triangle ' 

=iN/(25»c2+2c«a«+2a^-a*-5*-c*). j 

It is usual to denote by S the expression | 

J{*(*-a)(*-5)(*~c)}, , 

or JV(22'"c?+2c2a*+2a26^-«*-6*-(j*). 

184. To find the radius qf the circle inscribed in a 
triangle. 




r 
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Let ABC be a triangle ; and let be the centre of the 
kirde inscribed in the triangle, and touching the rides at 
be points Z>, E, and F. Join OD^ OE, and OF. 

Let r denote the radius of the drcla Then 

or 
the area of the triangle BOC^\ BC. OD^-^i 

hr 
the area of the triangle COA^i CA . OE^— ; 



h 



the area of the triangle^0^c=^^^.Oi^==^: 
lerefore, by addition 

^—-^ — r=the area of the triangle ABC 
=S, by. Art. 133, 



Ifiiatis 8r=S. 

[The 



8 

The radius of the inscribed circle is thus equal to the 
€rea oftJie triangle divided by half the turn qftJie tides; 
and Tarious expresrions can be obtained for the radius 
by employing the various expresrions ahready given for the 
area oi the triangle. 

For example 

abmnC db sin C 



*'= 



r=- 



28 "^a+b + c* 



1 
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135. To find the radius of the cirde which touchmi 
one gide of a triangle and the other two sides produced. 

Let JBChe a triangle ; and let Oi be the centre of i 
circle which touches BO and the other sides produo. 
Let />, E, and F be the points of contact Join O^Dy Oil 
and OiF. Let n denote the radius of the circle. 




The quadrilateral OiBAOm&j be divided into the two] 
triangles OiAB, OiAC; therefore the area of this quadri-, 

C O ' 

lateral is ^ri^ - ri. Again the same quadrilateral may bo ' 
divided into the triangles OiBC and ABO; therefore the 



area of this quadrilateral is - rj + S. 



Thus 



|nH-|n=|n.^, 
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lerefore *'*^i^' 

Similarly let r, denote the radius of the circle which 
iraches CA and the other sides produced; and let r, de- 
lote the radius of the circle which touches AB and the 
iflier sides produced : then we shall find that 

_ S \_ S 

A circle which touches one side of a triangle and the 
ptiier sides produced is called an escribed circle. 



136. Examples and problems are frequently given re- 
acting the inscribed and escribed circles of a triangle, 
bidi dex>end chiefly on the following geometrical facts : 

In the figure of Art 134 the straight lines OA, OB, OG 
bisect the angles A, B, C respectively, by Euclid iv. 4. In 
the figure of Art. 135 the straight Une OiA bisects the 
angle A, the straight line OiB bisects the angle FBD, and 
the straight line OiC bisects the angle EC J). See notes 
m tJie fourth hook qf JEuclid. Thus the points A, O, and 
pi are on one straight line, namely that which bisects the 
laagleX 

' Let Oa denote the centre of the escribed circle which 
Itouches OAf then the points Oi, C, and Oa are on one 
Btraigbt line, namely that which bisects the angle BCE, 
vhich is the supplement of ACB. 

The angle OBOi is a right angle! 
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137. To find the radius qf the circle described roun\ 
a triangle. 



\ 




Let ABC he a triangle, and let O be the centre of tfaej 
circle described round it Draw OZ)perpeiidicalar to ^Oi 



then BC is bisected at 2>, by Eadid nr. 5. Join O^^anfl 
OC. Let R denote the radins of the drde. 1 

The angle BOO is doable of the angle BAC^ by ShicHd 
m. 20; therefore BOD- A. 

And BDzzzRwnA^^; 

therefore Rsz 

By Art. 108, 
therefore 



2sin^' 









We see that = qd J ^^^ ^o ^'^^> ^ stated In 



Art 104, 



'2R* 

«mA _ 8mB _ wiO 1 
a " b " "2^' 
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138. To Jind the perimeter and the area qf a regu- 
r polygon inscribed in a circle. 




k Let O be the centre of a circle; let a regular polygon 
n sides be inscribed in the cii>ele, and let ^^ be one of 
> sides. Draw OP peEpendioular to AB; and jein 
0-4, OB. 
' Let r denote tiie radius of the circle* 

The angle AOB=~, 

i ^5=2^P=2^0sin^0P=2r8in— . 

I n 

I Tbe area of tiio triangle -40.5=: t^iB.0P=-4P. OP 

=-40sin-40P.^Ocos2lOP=rasin— cos — . 

n n 

Or, by Art. 47, the area of the triangle 

=i^O..B08m-40^=?^sin — . 

The perimeter of the regular polygon = n . AB 

^2nrsm . 

n 

The so^ea of the regular polygon =n. triangle ^Oi9 

. . 180^ 180* wr« . 36a» 

=nr"8m cos — = -;rS"* — • 

n n 2 n 
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139. To find the perimeter and the area of a regular 
polygon described about a circle. 




Let O be the centre of a circle; let a regular polygon of i 
n ^des be described about the circle, and let ^i? be one i 
of the sides. Draw OP to the point of contact ; then OP ' 
is perpendicular to AB^ by Euclid m. 19. Join OA^ OB, i 

Let R denote the radios of the circle. \ 

The angle AOB==— . I 

u45-2^P=20Ptan^OP=222tan — . 

n 

The area of the triangle AOB=^\AB. OP=^AP, OP 

n 
The perimeter of the r^ular polygon=n . AB 

==2nRtaii—. 
n 

The area of the regular polygon =n . triangle AOB 

=n/2*tan . 

n 



lihis 
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140. The exprafidoiis found m the two preoftdiqg 
"^'^^'i may be applied in Tarious ways. 

Thus in Art. 138 we have 

n ' 

AB \&^ 

r= -— cosec ; 

2 n 

^ detdmunes r when AB is given. 

Similarly, from Art 1C9 we have 

„ AB .180» 
2 n 



lis determines R when AB is given. 
>• 

Again, sapjpose a reg^olar polygon of n sides to be in- 
scribe in a circle, and another retgolar polygon of n sides 
to be described about the 9am6 circie ; then 

• 180^ 
side of inscribed polygon ^ ^ _ rn 1??!. 
side of circumscribed polygon ^ 180^ "" n ' 

n 

. 180^ 180^ 
area- of inscribed polygon _ n n 

area of circumscribed polygon " . 180^ 

n 

-cos"---. 
n 

The second of these two ratios might also be deduced 
from the first by luclid vi. 20. 
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Examples. XIV. 

1. Shew from the figure in Art. 134 that 

r(cotij5+cotiC7)=A 

2. Shew from the figure in Art 135 that 

ri(taniJ? + taniC7)=a. 

3. Find the radius of the circle inscribed in an equi- 
lateral triangle. 

4. Find the radius of the circle described about an 
equilateral triangle. 

5. The sides of a triangle are 68, 75, and 77 ; deter- 
mine the area, the radius of the inscribed circle, and the 
radius of the circumscribed circle. 

6. In a triangle a=243 yards, &s=324 yards, e^4fyfi 
yards: find the area. 

7. Find the area of the triangle in which a^'^^ 1864, 
c=2796. 

log 2 = -3010300, log 24568 = 3*3903698, 

log 932=2-9094159, log 24569 = 3-3903875. 

8. Find the area of the triangle in which a = 942; 
ft = 812, (5=1270. 

log 7 = -8450980, log 1612 = 31795618, 
log 57 = 1-7558749, log 382094 = '5821700, 
log 242 = 2-3838154. 

9. Shew that in the figure of Art. 134 

^ ^ _ g sin ^ .g 
^-^"" cosiC • 
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10. Shew that in the fig^ore of Art. 135 

^ . ecm\B ^ „ acosiC 
* smiC ' cosi^ 

11. Shew from the figure in Art 134 that AF^i-a, 
and 

r=(*-a)tan-. 

12. From the preceding result deduce the value of r 
in Art 134. 

13. Show from the figure in Art 135 that AF=9, and 

rx=*tan-. 

14. From the preceding result deduce the ralue of ri 
in Art 135. 

15. In the ambiguous coie, when a, 5 and A are given 
shew that the circles circumscribin&f both triangles are 
equal in magnitude, and that the distance between their 
centres is 

^(a»cosec«^-ft«). 

16. A tower is at right angles to a plane, and in the 
|>lane three points are found at which the tower subtends 
the same angle ; these three points are distant from one 
another 123, 130, and 77 yards ; also in passing from each 
one to the others in straight lines the greatest angle which 
the tower subtends at the eye is 45^ Shew that the height 
of the tower is 14| yards. 
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XV. Angles greater than tteo right angles. 

141. In practical applications of Trigonometry it is 
not necessary to consider any angles except such as lie 
between zero and two right angles; and accordingly we 
have already explained the principles of the subject with 
sufficient generality for those who confine themselves to 
practical applications. But when Trigonometry is studied 
as a branch of theoretical mathematics it is found conve^ 
nient to extend the notion of an angle ; and tills extension 
we shall now consider. 



142. Angles may he qfany magnitude. 

Let BAD be any straight line, CAE a straight line at 
right angles to BAD, Suppose a straight line AP to 
revolve round one end A^ starting from the position AB, 
When AP coincides in direction with AC, the angle which 




has been described is a right angle ; when AP coinddes 
in direction with AD, the angle which has been described 
is two right angles ; when AP coincides in direction with 
AE, the angle which has been described is three right 
angles; when AP coincides in direction with ^j9, the 
angle which has been described is four right angles. Then 
as AP proceeds through a second revolution, the angle 
described will be greater than four right angles. Thus if 
AP be situated midway between AB and AC^ the angle 
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between AB and AP will be half a right angle if AP be 
supposed in its Jirst revolution ; the angle will be four 
right angles and a half if AP be supposed in its second 
reyolntion; the angle will be eight right angles and a half 
if AP be supposed in its third revolution ; and so on. 

143. The straight lines CAE and ^^2> form bv their 
intersection four right angles ; these are called qiuuirants: 
BAG is called the Jirst quadrant, CAD the second 
quadrant, DAE the third -quadrant, and EAB the 
fourth quadrant. Now suppose any angle formed by the 
fixed straight line AB and the moveable straight line AP ; 
if AP is situated in the first quadrant, the angle BAP is 
said to be in the first quadrant ; if AP is situated in the 
second quadrant, the angle BAP is said to be in i^e second 
quadrant ; and so on. 

144. Angles may be negative. 

By a convention similar to that in Art 91, we distin- 
guish angles measured in one direction from angles mea- 
sured in the opposite direction. Let a straight une start 
from the position AB, and by revolving in one direction 



— B 



round A trace out the angle PAB, and let this angle be 
denoted by a positive number ; then if the straight line 
start from AB, and by revolving round A in the opposite 
direction trace out the angle P'AB, this angle may be 
denoted by a negative number. If, for example, each of 
the angles BAP and BAP" be one-third of a right angle, 
and we denote the former by 30*, the latter will be denoted 
by -30°. 
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145. In Art 91 ire djaiangnished by means of poeitiYe 
and negatiTe numbers between the two directions in which 
distances may be measured along a fixed straight line from 
a fixed point. In like manner we may distinguish between 
the two directions in which distances may be measured 
along a second straight line at right angles to the former. 

Let BOB^, COG' be two strait lines which cut at 
right angles. Let P be any point in the plane which con- 



N 


C 

P 


/ 




B/ 


M B 



tains these two straight lines. The position of P will be 
known if we know the distance of P from each of the 
straight lines BB and (7(7', and also know on which side 
of each of these straight lines P is situated. Draw PM 
and PN perpendicular to the straight lines BB^ and CC 
respectively. We shall adopt the following conventions: 
the distance NO or PM will be denoted by a positive 
number when P is dbove the straight line BB", and by a 
negative number when P is below the straight line BBf; 
the distance MO or PN will be denoted by a positive 
number when P is to the right of CC and by a negative 
number when P is to the l^ of CC\ 



146. 
Ratios, 



General definitions qf the Trigonometrical 



We can now give general definitions of the Trigonome- 
trical Ratios which wiU apply to angles of any magnitude. 
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Let AB, AC he two straight lines at right angles ; let 
a straight line turn round the point A from AB towards 
AC and come into any position AP ; draw PJIf perpendi- 
cular to AB or to A^ produced through A. Then consi- 
der AP as always positive ; consider AM as positive or 
ne^tiTe according as J!f is on the same side of AC as 
B is, or on the opposite side ; and consider PM as posi- 
tive or negative according as P is on the same side otAB 
BsC Uj or on the opposite side. Let the an^le PAB be 
denoted by A ; then the Trigonometrical Ratios of A are 
thus defined : 

smu4=2p» **«^^=Z5r' ^^=ZS' 

, AM , . AM . AP 

^^•^'^ZP' <^^^==pm' ^^^^^^pm' 

verg-4 = l-oos-4, cover8u4 = l-8in^. 
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147. If e hftre tlierefore TrjgWMXiietrical Ratice f<Hr any 
wmtive, a^e whaterer may be its magnitude ; and we 
naTe abo TngiHMMiietncal RatioB for any negaiiwe angle 
lij adopting t£e ccmTention that the Trigonometrical Ratios 
for any ne^ktiTO angle shall be the same as they would be 
for what we may call the correaponding positiTe angle. 
Thus, for ezam^e, in the last figore we may consider BAP 

as a n^gatiTe angles the magmtade of wfaidi is — - ; thai 

the Trigonometrical Ratios wiD be the same as for the 
angle formed by tamii^ the moveable line^P in the posi- 
tive direction mitil it readies the position which it has in 
the figore ; so that the Trigonometical Ratios for the angle 

— ~ wiD be the same as for the angle 2x—^. 

14a It foUows inmiediately frnn the d^nitions that 
if two angles differ by four right angles or by any multiple 
of four right angles^ the Trigonometrical Ratios of the two 
angles are the same. 

149. The relations established in Arts. 19—23 between 
the Trigonometrical Ratios of angles not exceeding a right 
an|;le will now be seen to hdd mii?ersally between the 
Tngonometrical Ratios of angles of any magnitade. - 

It will be snflSdent for the student to satisfy himself 
that the foUowing relations hold imiyeraally, as from these 
the others can be deduced: j 

♦«« A 8in-4 , . C08-4 1 
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Examples. XV. 

Fmd an the angles between and 360* which sattafy the 
KQowing twelve equations : 

1. 8mM=|. S^. cos«-4=^. 

3. tan»^ = 3. 4. sin2^ = ^. 

6. cos2^=-2. 6. tan2^ = l. 

7. 2cos*^ + 8in-4 = l. 8. 28in«-4 = 3(l + coB-4). 
9. tan*^-4tan^ + l = 0. 10. tan^-cot^=2. 

11. sm^ = l-cos2A 12. oos^ = l + CQs2^. 

13. In any triangle, shew that 

Yera B ~ h {b -^ c— a) ' 
14. In any triangle, shew that 

cotf+cotf 2^ 



A 5+<?-a' 

cot- 

15. If a point be taken within a triangle so that the 
idea subtend equal angles at it, and o, iS, v be the distances 
i this point from the angular points of tne triangle, shew 
hat 

16. If a triangle be divided into any two parts by a 
fcra^ht line drawn from one of the angles, shew that uie 
adii of the circles described about these two triangles wq 
a a ratio which is constant for all positions of the dividing 
traight Hue. 
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XVL Changei in the Ratios as the angle changes, 

150. In the present Chapter we shall trace thi 
changes in magnitude and sign of the various Trigone 
metrical Ratios as the angle changes from zero to foui 
right angles. J 

151. To trace the changes in the sine of an angle a$ 
the angle varies. 




Let BAH and CAC' be two straight lines at right 
angles, and suppose a straight line AP of constant length 
to turn round one end A from the fixed position AB, go 
that P traces out the circle BCHC\ From any position 
of P draw PM perpendicular to BAH ; then 

BmPAB=~rii. 
AP 

"When AP coincides with AB the perpendicular I^M 
vanishes; thus when the angle is zero so also is its sine. 
While AP moves through the first quadrant PMIb posi- 
tive, and continualW increases until AP coincides witii 
AC, and then Pmis equal to AP; thus as the angle 
increases from to 90^ the sine increases from to 1. 
While ^^P moves through the second quadrant PM' is 
positive and continually decreases until AP coinddes with 
AH, and then PM vanishes; thus as the angle increases 
from 90^ to 180^ the sine diminishes from 1 to 0. While 
AP moves through the third quadrant PM is negr&tiye 
and increases numerically until ^P coincides with AC^; 
thus as the angle increases froi^ ISC'* to 270^ the sine is 
negative and increases numerically from to — 1. While 
AP moves through the fourUi quadrant PMia negatiye. 
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decreases numerically until AP coincides with AB ; 
I as tiie angle increases from 270° to 360° the sine is 
ive and decreases numerically from - 1 to 0. 

152. To trace the changes in the cotine qf an angle 
itt tJie angle varies. 

\ With the figure of Art 151 we have cos PAB=^^. 

%i first AP coincides with AB and then AM=APj thus 
Mien the angle is zero the cosine is 1. While AP moves 
nrongh the first quadrant AM is positive and continually 
jlecreases until AP coincides with AC and then AM 
iranishes; thus as the angle increases from to 90° the 
eosine diminishes from 1 to 0. While AP moves through 
Ihe second quadrant AM is n^^tive and increases nu- 
mericaUy until AP coincides with AH; thus as the ande 
increases from 90° to 180° the cosine is n€«;ative and m- 
ereases numerically from to -1. While AP moves 
tturough the third quadrant ^ JIf is negative and decreases 
Ibmerically until AP coincides with AC* \ thus as the 
kngle increases from 180° to 270° the cosine is negative and 
lecreases numerically from —1 to 0. While AP moves 
through the fourth quadrant AM\& positive and continu- 
ally increases until AP coincides with AB ; thus as the 
angle increases from 270° to 360° the cosine is positive and 
increases from to 1. 

153. To trace the changes in the tangent qf an angle 
(U the angle varies. 

PM 
With the figure of Art. 161 we Jiave tan P-^^-'Tjj • 

At first AP coincides with AB, and then AM—AB ; 
thus when the angle is zero so also is its tangent. While 
AP moves through the first quadrant PM and AM are 
positive ; PM continually increases and AM continually 
decreases until AP coincides with AC\ thus as the angle 
increases from to 90° the tangent increases from with- 
out limit, so that by taking an angle suffidently near to 90° 
we can make the tangent as great as we i)lea8e ; this is 
iisaally expressed for the sake of abbreviation thus : the 
tangent qf%^ is infinite. While AP moves through the 
second quadrant PM is positive and AM i» negative; 
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PJIf continually decreases and u43f increases nwmericaify 
until AP coincides with AH ; thus as the angle increases 
from 90® to 180® the tangent is negative and decraases 
numerically from an indefinitely large value to zero. 
While AP moves through the third quadrant PM i^d 
AM are negative ; PM increases numerically and AM 
decreases numerically until AP coincides with A&; 
thus as the angle increases from 180® to 270®, the tangent 
is positive and increases from without limit, so that b; 
taking an angle sufficiently near to 270® we can make thq 




tangent as great as we please; this as before is abbreviated 
thus : the tangent qf 270* is infinite. While AP moves 
through the fourth quadrant PM is negative and AM is 
positive; Pitf continually decreases numerically, and AM 
mcreases until AP coincides with AB; thus as the angle 
increases from 270® to 360® the tangent is negative and 
decreases numerically from an indefinitely large value to 
zero. 

Similarly the changes in the cotangent of an angle may 
be traced. i 

154. To trace th>e changes in the secant of an angle 
OA the angle varies. 

The changes in the secant of an angle may be traced by 
means of the figure in the same way as those of the 
sine, cosme, and tangent; or we may use the formula 

8ecP-4B= — i5-Tnj and infer the changes in the secant 
cosP^^' ■* 

from the known changes in the cosine; we wUl adopt the 

latter method. As the angle increases from to 90® the 



r 
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tie diminishes from 1 to ; thus the secant increases 

1 -without limit, so we may sar th« secant qf W is 

J/tnite. As the angle increases from 90^ to 180^ the 

eine is negative and increases numerically from to — 1 ; 

the secant is negatite and decreases numericaUy 

an indefinitely large value to —1. As the angle 

ases from 180*' to 270® the cosine is negative and 

reases numericaUy from — 1 to ; thus the secant is 

gative and increases numerically from -1 to infinity. 

I the angle increases from 270"* to 360® the cosine is 

sitiye and continually increases from to 1 ; thus the 

^^nt is positive and dmunishes from infinity to 1. 

Similarly the changes in the cosecant of an angle may 
^traced. 

155. To trace the changes in the versed sine cf an 
tngle as the angle varies. 

Since vers-4 = l— cos-4, as the angle increases from 
I to 180^ the versed sine increases from to 2, and as the 
ngle increases from 180® to 360® the versed sine diminishes 
rom 2 to 0. 

156. Thus we see that the sine and the cosine may 
b^e any value between — 1 and + 1 ; the tangent and the 
ntangent may have any value between — qd and +oo; 
Ike secant and the cosecant may have any value between 
koo and — 1 and between + 1 and + oo . And it will be 
ramd on examination that no Trigonometrical Ratio 
panges its sign except when it passes through the value 
Mro or the value infinity. The versed sine is always 
positive and may have any value between and 2. 

I 157. The student should careftiUy remember the signs 
pf the Trigonometrical Ratios in the four quadrants : the 
Mowing table exhibits them. 



sine 


1st 

+ 


2nd 

+ 


3rd 


4th 


cosine 


+ 


- 1 - 


+ 


tangent 


+ 


-1 -^ 


- 
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Examples. XVI. 

Trace the changes in the sign and value of the following 
six expressions as A changes from to 360^: 

I. sin ^ + cos ^. 2. sin ^- cos ^. 
3. sin' -4. 4. cos' ^- sin" -4. 
5. sin^+cosecJ[. 6. tan ^+ sec ^. 

7. Find the least value of tan* -4 + cot' -4 when A 
varies. 

8. Find the least value of cos' -4 + 4sec'^ wh^ A 
varies, 

9. ABCD is a quadrilateral figure which can be in- 
scribed in a circle : shew that A Csm A = BD sin B, 

10. Shew that the area of a regular hexagon inscribed 
in a circle is to the area of a regular octagon inscribed in 
the same circle as 3 Ms to 2^. 

II. The sides of a quadrilateral figure taken in order 
are 135, 180, 150 and 125 feet; and the angle contained b^ 
the first two is a right angle: determine the area of the 
figure. ' 

12. ABC is a triangle, and 2> is the middle point ofj 
BG: shew that 

13. Shew that in any triangle the length of the per- 
pendicular from A on the opposite side is equal to 

&* ain (7+ c' sin B 



EXAMPLES. XVI. 127 

14^ Shew that in any triangle 

h^ sm 2A -fa' sin 2B=^7be sin A. 

k 15. Shew that the perpendicular from an anffle of a 
WKngle on the opposite side is an Harmonic Mean between 
p radii of the adjacent escribed circles. 

16. If A+B-h C= 180^ shew that 

Tern A vers {B+C)=Bin A sm (B+C). 

With the notation of Arts. 134, 135, 136 establish the 
llowing results : 

17. 00^={r^-r) coeeciA^ _^'JQ>c)_ 



18. OA=(n.r.)secK=(^r^f!^^^^^^ . 

19. r=*tan-2-tan— tan-. 

cot J -cot -^ 

21. 00,^^0,0,'="^. 

22. r,00i=0B.0a 

23. 0A,00i^'4Er. 

i 24. Perpendiculars are drawn from the angles of a 
|tiangle on the opposite sides meeting at X: shew that 

AX=:2BcoaA. 
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XVIL Reduction qf the angle. 

158. The object of the present Chapter is to shew that 
thp Trigonometrical Batios of any angle, positive or nc^ 
tive, can be expressed in terms of the Trigonometrical 
Batios of an angle less than a right angle. 

We shall require some preliminary propos^ons. 

159. To shew thai 

sin (-^)=- sin -4, andcoa{—A)=^cosA. 




Let PAB be any angle; draw P3f perpendicular td 
the straight line BAB^, and produce it to P' so that 3fPj 
may be equal in length to MP, and join AP'. 

The angles P'-^jS and PAB are numerically equal buj 
are measured in opposite directions from AB; let PA 
be denoted by -4, tnen P'AB will be denoted by - 
And 



8in^ = 



PM 
AP* 



. , ., P'M 



1 



now P'M is numerically equal to PM, but of opposite 
sign: thus 

sin(--4)=3— sin ^. 



Also 



, ., AM AM 
co»{-A)^j^,^-jp=:CoaA. 
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160. Hence we have: 

, _, .. 8in(— ^) —%iaA . . 

^ ' C08(--4) C08-4 ' 

r cot(— ^)=^— 7 — ji=^ — ; — T«— cot^: 

«ec(--4)=-— 7 — jr = 7«sec^; 

^ ' cos(— -4) cos^ ' 

8in(— -4) —sm-d 

vers(--4) = l-cos(-^)=l-cos^=;ver8-4. 

These results might also he ohtamed directly from the 
figures^ as in Art 159. 

161. To shew that 

aik{l8(fi+A)^ "SinA, a«<f co8(180«+-4)=-cos-4. 
p p 



y^ 



M' 



M B B' 

[ Let FAB he any angle; produce PA to P' so that 
^4JP' may be equal in len^h to ^P : draw PM and P'M', 
perpendicular to the straight line BAB\ 

Let the angle PAB he denoted hy A, then the ftnde 
P'AB measured in the -same direction from A will he 
id^otedbyl80^+^. And 

8in^=^, 8in(180o+^)=^', 

C08^ = -Tp, COS(l80^ + -4)=-j-p7. 
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M' 



X B B' 



The triangles PAM and P'AM' are geometrically 
cmial in alHrSpects ; t^iw Pif and i^3f' are nii^^ 
eqnaL but they are of opposite sign: also AM and AM 
we numericaUy equal but of opposite sign. Thus 

8in(180*+^)=-8m^ cos(180»+J[)= -cos^. 

162. Hence we have : 

, , . ^, sin(180»+^) -sinJt . „ - . 
fe^a90^^^)= eos(1800+^ ) = ^^^A^^"^' 

. n ^x cos(I80»+^) -cos^ ^^j. 

co8ec(1800+^) = ^j^P^)--^ 

vers (180* + -4) = 1 - cos (180« 4- -4) = 1 + cos -4 

=2— vers A 

These results might also be obtained directly from ihe ^ 
figures as in Art. 161. 

163. We can now demonstrate the statement made in 
Art. 168. 

By the formuli© in Arts. 169 and 160, we can express 
the Trigonometrical Ratios of a negative angle in terms of 
the Trigonometrical Ratios of a positive angle. Thus we 
need oi3y consider positive angles. 
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By Art. 148 any multiple of four right angles may be 
rejected. Thus we need only consider angles less than four 
right angles. 

By Arts. 161 and 162 we can express the Trigonometri- 
cal Bktios of an angle between two and four right anffles 
m* terms of the Trigonometrical Ratios of an angle less 
than two right angles. 

By Art 96 we can express the Trigonometrical Ratios 
of an wgle between one and. two right angles in terms of 
the Trigonometrical Ratios of an angle less than a right 
angle. 

Thns the statement is demonstrated. 

164. It will be observed that wh^i we thus reduce the 
angle we can always express a TrigonometrioU Ratio of any 
angle in terms of the iame Trigonometrical Ratio of the 
reduced angle. 

165. As examples of the reduction of the angle we 
have: 

Sin700*=Bin(360«-f340«)^sin340*-si»(180« + 160») 
X? -sin 160®s= -gin20<^; 

I oos(-800®)«=cos800^=»eos{720''+80*)=-oos$0"; 

I tan50<y»=tan(360«+140«)=tanl40«=-tan40«; 

cot 460*= cot (360® + 100«) = cot 100^= - cot 80^ 

B$c930*=sec(720»+210*)=sec210»=8ec(180»+80^ 
= -8ec30®; 

C08ec(-600<>)= -cosec600«= -cosec (360®+240®) 
•--cosec240*= -oosec(180®+60<>)=oosec60*. 
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Examples. XYIL 

Find the values of the following twelve Trigonometrical 
Ratios: 



1. 


Bin225^ 


2. 


8in790«. 


3. 


Bin(-24a»). 


4. 


COS210*. 


5. 


COS 540'. 


6. 


C08(-30(0- 


7. 


tan 195«. 


8. 


tan 345'. 


9. 


tan(~120'). 


10. 


cot420». 


11. 


cot510» 


12. 


cotc-sie*). 



13. With the notation of Chapter xiv. shew that tho 
area of a triangle is equal to 

Jf?r(sinu4+sinj9+sinC). 

14. Shew also that the area is equal to 

Ji22(gin 2^ + sin25+ sin2(7). 

15. From the bottom of a station in a horizontal plane 

the altitude of the summit of a mountain is found to oe a, 

and on retiring c feet from the station its top is seen to be 

in a straight Ime with the top of the moimtain: shew that 

if A be the height of the station the height of the mountain 

ch ^ . 
IS -—^--r- feet, 
c— A cot a 

16. If CD subtend an angle a at each of the stations 
A and B, which are distant h apart^ and the sum of the 
two angles ABD and BAG be a-, shew that the distance 
between O and D is either 

A sin a A sin a 

8m(a— a) 8m(o-+a} 
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XYIII. Angles with given Trigonometrical Ratios, 

166. We have shewn in Art. 17 that corresponding to 
a given angle there is only one value for an as8ig[ned 
Trig<monaetrical Ratio. But corresponding to a ^y^i 
value of an assigned Trigonometrical Ratio there is an 
nnlimited number of angles, as we see from Chapter xv. 

We shaU-now investigate expressions which include all 
the angles having a given value of an assigned Trigono- 
metrical Ratio. 

167. To find an expression for all the angles which 
have a given sine. 




Let BOC be the least positive angle which has the 
given mne; denote this angle by A. Produce BO to any 
point Bf and make the angle kOC'=BOO\ then BOC 
= 180»--4. 

Now it is obvious from the figure that the only positive 
angles which have the same sine as A are 180^—^, and 
the angles formed by adding any multiple of four right 
angles to ^ or to ISO*- -4 ; that is, angles included in the 
expressions w360*+-4 and nSSO^'+lSO*— -4, where n is zero 
or any positive integer. Also the otAj negative angles which 
have the same sine as A are-(180^+^) and -(;360'--4), 
and the angles formed by adding to these any multiple of 
four right angles taken negatively ; that is, andes included 
in the expressions w360*--(180«+u4), andn360'-(360®--4), 
where n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expression wl80"+(— 1)M, 
where n is zero, or any integer positive or negative. Also 
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all the angles included in this expression will be fonnd 
among the angles which haye been indicated. 

Thus this expression includes all the angles which have 
the same sine as A ; and all the angles which it includes 
have the same sine as A. This expression also applies for 
all the angles which have the same coHcarU aa A. 

168. To find an eapresiion for all thi (mgl€$ vhich 
have a given cosine, * 




Let BOG be the least positive angle which has the 
giren cosine; denote tliis angle by A, Make the angle 
BOC'^BOa 

Now it is obvious from the figure that the onlv positive 
angles which have the same cosine as ^ are 36(r— ^, and 
the angles formed by adding any multiple of four right 
angles to ^ or to 36(r-^ ; that is, angles included in the 
expressions w360*+-4 and w360'+360®--4,where n is zero 
or any positive integer. Also the only negative angles which 
have the same cosine as ^ are —it and -(360^-^). and 
the angles formed by adding to these any multiple or four 
light angles taken negatively ; that is, angles Included in 
the expressions n360'--4, and n360*--(360*--^), where 
n is zero or any negative integer. 

All the angles which have been indicated wUl be found 
on trial to be included in tiie expression n SQO^^A^ 
where n is zero or any integer positive or negative. Also 
all the angles included in this expression will be found 
among the angles which have been indicated 
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Thus ibis expression indudes all the angrles which have 
the same cosine as A ; and all the angles which it includes 
hare the same cosine as A. This expression also applies 
for an the angles which have the same tecant as A, 

169. To find an ea^ession for all the anglet which 
have a gilpen tangent. 




Let BOC be the least positive angle which has the 
given tangent ; denote this angle by A, Produce BO to 
any point B', and CO to any point C\ 

Now it is obvious from the figure that the ovXj positive 
angles which have the same tangent as A are 180^+^, 
and the angles formed by adding any multiple of four 
right angles to ^ or to 180^+^ ; that is angles included 
in the expressions n 360* + A and n 360* + 180® + A, where n 
is zero or any positive integer. Also the only negative 
angles which have the same tangent as A are —(180®-^) 
and —(360®—^), and the angles formed by adding to these 
any multiple of four right angles taken negatively; that is. 
angles included in the expressions w360®— (180**-.4) and 
n 360®— (360®— -4), where n is zero or any negative integer. 

All the angles which have been indicated will be found 
on trial to be included in the expression nl80® + ^, 
where n is zero or any integer positive or negative. Also 
all the angles included in this expression will be found 
among the angles which have been indicated. 

Thus this expression includes all the augles which have 
the same tangent as A ; and all the angles which it includes 
have the same tangent as A, This expression also applies 
for all the angles which have the same cotangent as A, 



136 EXAMPLES. XVIII. 



Examples. XVIII. 

Give the general solutions of the following eight equa- 
tions: 

1. sin^=-. 2. cos-4=-. 3. tan-4=/y/3. 

4 C08ec^ = l. 5. sec-4 = -l. 6.- cot^=2-^/3. 

7. sin^+cosec^=2. 8. sin2^=cos3^. 

9. Shew that the length of the straight line drawn to 
bisect the angle ^ of a triangle and terminated by the 



.. ., . 25ccosi^ 
opposite side is — ^ — ^— . 



10. The angle (7 of a triangle is a right angla Shew 
that the radius of the inscribed circle is equal to 

11. Shew that the radius of a circle which passes 
through the vertex ^^ of a triangle, and touches the side 
BG at its middle point is 

2(&'+c»)-a» 
86 sin (7 * 

12. P, Q, and R are points in the sides BCy CA^ and 
AB respectively of a triangle, such that 

BP CQ_AB 
BG~CA~AB~^' 

shew that Pe« + Qi22+22p2=(^s+5i+c2) (i-3a?+3«»). 



RATIOS OF TWO ANGLES. 



XIX. Trigoncmetrical Baitoi qf two angles. 
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I 170. The obiect of the present Chapter is to express 
llbe Trigonometrical Ratios of the sum or difference of two 
ingles in terms of the Trigonometrical Ratios of the angles 
tiiemselyes. 



171. To eaprus the $%ne of the sum qf ttoo angiee in 
terms qfihe sinee and eotineeqfthe angtee theme^vee. 




Let the angle COD be denoted by A, and the angle' 
\J>OB by B; then the angle COE will be denoted by 
\A^B. 

I In OE take any point P, draw PM perpendicnlar to 
pO, and PN perpendicnlar to OD; draw NE perpendi- 
bolar to PM^ and iVQ perpendicnkr to 00. 

Then the angle NPB is the complement of PNB, and 
is therefore equal to BNO, which is equal ti> NOQ or A. 



• fj^m P^ RM±PR NQ^PR 
Now Bm(-4+i?)=^p = — gp 



OP'^OP 



NQ ON PR PN 
-ON'OP'^PN'OP 

= sin^ COS-B+C08-4 sin^. 
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172. -To express the cosine of the sum of two angles 
4» terms of the sines and cosines cf the angles themselves. 



A: 



M Q 

The same construction being made as in the preceding 
Article, we have 

OQ ONNR NP 
"ON' OP NP'OP 

=oosA COS B— sin A sinJB. 

173. To express the sine cf the difference of ttoo 
angles in terms cf the sines and cosines tf the angles 
themselves. 




Let the angle COD be denoted by Ay and the anglo 
DOE by B ; then the angle COE will be denoted by -4 -B^ 

In OE take any point P, draw PM perpendicnlar td 
OCy and PN perpendicular to 02>; draw NR perpen- 
dicular to MP produced, and NQ perpendicular to OV. 
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Then the angle NPR is the complement of PNR, and 
18 therefore equal to DNB, which is equal to NOQ or A. 

^<>^^i^-^-ap^~-op-=op^oP 

_NQ ONRP PN 
^ '^ON'OP PN' OP 

=8in-4 cos ^— cos ^ &in JB. 

174. To express the cosine of the difference of two 
angles in terms qf the sines and cosines of the angles 
\kmudves. 

The same construction being, made as in the preceding 
Article we have 

cosi^-//;-^p- OP '~ OP^ OP 

OQ ON NR PN 
"^ ON' OP PN' OP 

=cos^ COS ^+ sin ^ sinj9. 

175. 1^0 assist the student in remembering the pre- 
eeding demonstrations, we may observe that the point P is 
taken in the straight line which hounds the compound angle 
tM are considering; thus in demonstrating the formulas for 
fin {A-¥B) and cos(^ + j9) the point P is taken in the 
straight line which bounds the angle A-^-B, and in demon- 
stratmg the formulae for sin^^— ^) and co»{A—B) the 
point P is taken in the straight line which Dounds the 
angle ^-^. 

176. The formulae established in Arts. 171. ..174 are 
true whatever may be the size of the angles A and B ; the 
student may exercise himself by going through the con- 
struction and demonstration in various cases; it will be 
found that the only variety which occurs in the construction 
consists in the drcoiuBtance that the perpoidiculars in 
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some cases fall on certain straight lines and in other eases 
fidl on those straight lines prodticed, 

177. We will for example demonstrate the formnlfl 
of Arts. 173, 174, for the case in which the angle A li 
greater than a ri^ht angle, while B is less than a right 
angle, and A-Bia less than a right angle. 




Let the angle COD be denoted by A, and the anelj 
DOE by R; then the angle COR will be denoted bj 
A-R. 

In OE take any point P, draw PM perpendicnlar U 
OC and PN perpendicular to OD; draw NR perpeoi 
dicular to MP and NQ perpendicular to CO producect 

Then the angle NPR is the complement of PNR, an^ 
is therefore equal to RNO, which is ISO^-DNR, that il 
equal to 180^ - ^. Then | 

. ,. ^ PM RM^PR NQ , PR 



OP 



OP^ OP 



_NQ ON PR PN 
"ON' OP PN' OP 

«sin(180«--4) cos J5+co8(180»-^) sin^ 

=8in-4cos-5-coa^ sin^, by Art 95. 
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|Aiulcos(^~^} 

^OM^MQ-^OQ^NB OQ 
OP OP OP'^OP 

_NR PNOQ ON 
PN' OP ON' OP 

=sm(180«--4) sin5-co8(180»--4)c(» jB 

=Biii^ sin^+ccMs^ co8^, by Art 95, 

1?S. By examining in this manner the yarioos cases 
rich can occur, the student may conrince himself that the 
mnlsB of Arts. 1 7 1 ... 1 74 are uniyersally true. Another 
Mle of demonstration will be found in the liurger work on 
qgfonometry, Art 80. 

We now proceed to express the tangent and cotangent of 
ompound angle in terms of the tangents and cotangents 
single angles. 






_ sm^ cosjg-hcos^ sinjg 
cos^ cosJ?~8]n^ sin^' 

^de both numerator and denominator of the last ex- 
don by cos ^ cos i^; thus we obtain 

sin^ sinjg 
008^*^ cos jg 
- sin A sin jg ' 
cos^ cos^ 

L_ ^ x^ f J , n\ tan-/4+tan-B 
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JSO. Tan(^-jB) 

_ mk{A^B) _ AnA oos^—cos^ sinjg 
" cosCZ^TB) "" cos -4 cos ^ + sin -4 sin jB 

Bin^^ 8in^ 

cos^ C08^ ^ tML^-tan^ 
~ sin^ 8in^ "l+tan^ tan^* 

COS^ COB^ 

181. Cot(.4+JB) 

_ eoe(J4Jg )_ cog^oo8^-an^ fin^ 
""nn^-^ + ^^sin-^ cos^+cog-4sin^ 

C0Su4 COBug . -J 

sin ^ sin jg cot^ cotJg-^1 

" co^A cosjg " cot-4 + cot^ 
sin^ sin^ 



182. Cot(^-^) 



co8(^-.g ) eos^ eosjg-fsin^ nng ^ 
~sin(-4--S; sin4 cos ^- cos -4 sin J? 

cos 4 cos jg ^ 

sin^ sini? cot^cot^-H 

~ cos^ cos^ cotJ5-cot-4 
sin ^ wiA 

183. We may give other forms to these expressions. 

For example, 

■ ,^ „ 1 l-tan^ltan5 

^*(^+^=tan(-4 + i?)"' tan4+tan5 ' 

w^ n^ 1 l4-tan4taoJg 

Cot(^-/^;-^^^^_^^=^ tan 4 -tan ^ • 
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184. Some important formuke are dedudlile from thoee 
flzeady giyen by supposmg B=A. 

Write ^=^ in Art. 171 ; thuB 

I sin2^=28ln^co8^. 

' Write^=-4inArtl72; thna 

cm2A= coa^A - sinM 

= l-2Bin«-4 

or=2co8M-l. 

Thus l+cos2^=2co0'^, 

1— cos 2-4=2 sinM, 



I 



J— cos 2^ 



And since sin'u^ + cos*u4 = 1 we haye 
. ^ . 2 sin ^ 006 ^ 



COB* -4 + sin" -4' 

Bvide both numerator and denominator of the last ex* 
preasion by co8"-4 ; thus 

2tan^ 



sin 2^ = 



1+tanM' 



^*°^^^^^2^=cosM + sin«^=T+tSM- 

In Art. 179 put B=A ; thus 
. ^. 2tan^ 

tod this result may also be deduced from the values of 
tin 2A and cos 2A just given. 

In Art. 181, put B=^A\ thus 

.„. cotM-1 
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Examples. XIX. 



1. IftaD^»| and tan J?=7, find tan(^ + i?). 



2. If tan^ = -yrandtan5=-yrT,And 

sinC^+J?). :. . , 

3. IftanB= ,. . ..^v , ahew that tan ^, tan jg,an< 
tan (7 are in Harmonical Progression. 

4. If tan^=a and ton^=&, find cos2(^+J?) and 
8in2(^ + j&). 

6. Ifco8(^-JB):=«8in(-4+-B), shew that 

tan(46*+^)=^ tan(45»--B). 

6. H8m^=^andsin5 = -^2 + 2jr3'^^ 

C08(-4 + J5). . 

24 

7. Given tan 2-4 = y , find sin A. 

8. If tan2J=2tan^ and tan(7=tan% shew thai 
taa(^-C)==tan^. 

9. Ifcos^=f±^andco^=^^^^,findcos(^+i?). 
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10. If tan^ =tan'^, then 2 tan 2^ = sin 2^ tan 2B. 

11. Giyen Bm^-coft^=4s «»l*-^o «»»l*>fi»d 
9 number of degrees in the smallest possible valae of A* 

12. If tanJ3+coti7:»:2seo2^, shew that one Talne 
*^4-^is46«. 

13. Shew that sec 2^ -tan 2^ « tan (46<»-^). 

14. Ifcotj9-2oot2^=30ec2^-t8n2^, shewthatone 
nJne of^+^is45^ 

15. If 1? sin ^ =:^ sin i? and r cos 2I = t cos ^, then 

^ ^ qr^pi qr^p» 

Demonstrate the following ten identities : 

sin 2^ cos^ _ A 
^®- 1+0082^- 1+cos^"^ 2- 

17. sin 8^ = 8 sin ^ COS ^ cos 2^ cos 4^. 

18. (sin^-sin-5)* + (co8-4-cos-S)2=2 yen{A-£), 

19. 2cosec44+2cot4^=cot^-tan-4. , 
2Q. 2 sin 2^ - sin 4^ =4 sin 2^ sin'^. 

21. cot"-4-tan"^=4cot2-4 cosec2^. 

22. 2-2tan^cot 2-4=8ec2^. 

23. sec«(^ + 45<') -sec'(-4 - 46'*) = 4 tan 2^ sec 2A. 

24. tan^ + cot2-4 = co8ec2^. 

25. tan(450+^)-tan(46«-^)=2tan2u4. 

10 
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XX. Trigonometricdl Trans/ormations. • 



185. From the formulse of the preceding OhaEpier 
others may be derived; apd by the aid of all the results wd 
can change Trigonometrical expressions into yarious forms. 
The use of such transformations becomes apparent as the 
student advances in Mathematics, and even at present he 
will find valuable exercise in them. 



186. The product of sin {A + B) and sin {A - B) takes a 
remarkable form. 

mxi{A+B)«m{A-B) 
= (sin^ cosjB+cos-4 8in5)(sin-4 co&B-cofiA sin J5) 
= sin'-4 cos'J5-cos?^ sin*j5 
= sinM (1 - sin'J?) - (1 - sin«^) sin^i? 
s= Bin'^— sin'jff. 
This may also be put in the form cos'^— cos^A 

187. Also 

C08(^+jB)C0s(-4-5) 

= (cos-4 cosJS— sin-4 sinjB)(cos-4 cosJ9 + sin^ sin^ ; 

= cos' -4 cos'-S-sin^;^ sin'jB 

^ coa^A (1 - sin* J9) - (1 - cosM) sin* B 

= co&^A-sin^B 

= cos'jB-sin'J. 
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188. From the four fundamental formuI» of Chapter 
XDL, we have 

wi{A'\'B)'\'f&si{A'-B)-2^A cm B, 
8in(-4+-B)-sin(^-jB)=2co8-4 sin-ff, 
cob(^+!B)+co8(-4-^=2oos-4 cosJS, 
coB(-4-^)-cos(^+^)=2sm^ sinA 

Let^ + i^=C; and^-^=i>; therefore 

^=-"2—, -5=-^ : thus 

• ^ . TN 1*. C+2> (7— 2> 

BmC/ + 8mZ>=2Bm cos — - — , 



"> 



sm t/-8mx>=2co8 — 5— sm — ^ 

C08C/+C0S2> = 2C08— 2 — co%—^ — , 

co8-D-co8C=28m— 5— 8m — - — . 



The last four formulse are useful in convertmg a sum or 
^fference into the form of a product of factors. Thus, for 
example, by the first of the last four formulae the sum of 
two smes is converted into twice the product of a sine and 
cosine. 

The first four formulas are useful in converting a pro- 
duct into the form of a sum or difference. Thus, for ex- 
ample, by the last of the first four formulae we see that 
the product of two sines is equal to half the cosine of the 
difference of the two angles diminished by half the cosine 
of their sum. 

10—2 
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^ . A^B A-B 
, . . „ 2 sm — s — cos —= — 
,^^ smA + smB 2 2 ,. . .^.^^ 

2co8-2-8m^-2*^ 

=taii-^— cot -g- 

taQ 

2^ 



tan 



:rrff- 



2 1 

, -, 2C08— ^r — COS— 5 

,^^ COS^ + COS^ 2 ±__ /A^ iQfi\ 

»«>• ^Sl^^^-^-^TT-^rj (Arties) 

2 2 

saeot ^ cot — - — • 



191. t»n^ + tai,5=^^ + ^^ 



sinw4 cosJg+cos^ 8iii5 
cos^cosB 

^cobA coflJ5' 



Similarly ^^-^^^ Za^^B 



192. tan^ + cot^=^^^+^5^--^E3^-^- ; 

1 i ^2 

"^ Bin^ cos-4 ^ 2 sin ^ co&-4 siii2-4 ' 



193. cot ^~ tan ^4 = 
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cos A fAnA 



sin A cos A 

co^A - mi? A cos 2 A 



sin^ cos^ sin^ cos^ 
I _ 2cos2^ 2cob2^ ^ . 

[ ~2gin.4oosJ" sin2^'"^^*^- 

194. By repeated applications of the formulie in Chap- 
ter zix, we can obtain expressions for the Trigonometrical 
Ratios of a composite angle made up of any i^umber of 
simple angles connected py the signs + and —• For 
example, 

■ln(^ +5+ C)=Bin(^ + J5) co8(7+oos(^ + -B) sin (7 
s sin^ cos^ cos C-k- sin J? cos C cos ^ 

+ sin C cos ^ cos j8 — sin ^ sin B sin G, 

j cos(-4 + 5+ (7)=cos(-4 +jB)cos C'-gin(-4 + jB)sin C ; 
=cos -4 cos B cos (7— cos (7 sin ^ sin B 
I •'-cosj^sin^ sin(7-cos^ sin^sinC. 

X f A . -D n\ sin (.4 +5+ C^) 

^ ' co8(^+-5+(7) 

mbstitate the expressions just found for 8in(^+^+C^ 
and cos(^+^+C/); and then divide both numerator ana 
denominator by cos^ cos^ cos C-, thus we obtain 

X. fj n ^v_ tan^+tan.g-Htan(7—tanu4tan^tan(y 
"^^'^■^^"^^^""l-tan^tanC'-taiiCtan.d-tan^tan^* 

195. The i>articular case of the formula in the pre- 
{ceding Article in which CmB=A should be noticed. Thus 
we obtain 

sin 3^ = 3 sin ^ cos^^ — sin^^i 

=s 3 sin uil (I - sia*u4) — sin'^ 
s=3sin^— 4sin^^i 
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COB ZA = cos'^ — 3 cos uil sm'^ 

= cos8-4 - 3 cos -4 (1 - cosM) 
= 4co8M-3co8-4; 
3ta2i-4-tanM 



tan3-4=- 



l-3tan2^ 



190. When angles are connected by a relation we often 
find some simple relation connecting some of their Trigo- 
nometrical Ratios. We will take for example the case in 
which there are three angles, the sum of which is eqnal to 
180®; tins relation holds for the angles of a triangle. 

If ul +-B + a^ 180^ then wiU 

ABC 

Bin^ + sin5 + smC7=4cos- cos— cos^. . 
z ^ A 



: For sin^ + sinJ?=28in^^|^cos^^^2^ (Art 188) 



«2 sin r90*- - j cos 



^ C A-B 

= 2C0S^C0B — s — J 



c c 

sin (7 = 2 sin 2 cos ~ 



= 2 cos ~ cos f 90'- ^1 



^ G A + B 
=2cos-^,coa-y-; 
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frereforo sin ^ + sin ^+ sin (7 



\ Again, if ^ +5 + C=180», then will 



■f{' 



= 2cos-2cos^cosy (Art 188) 

, ABC 
=4cos — cos — cos-. 



C0t-+C0t-=--g_-p. 

sm-sm- 



B G 

,B ,G "^2 ^2 

sin- sin 2 



B . G^ . B C 

cos 2 smg + siny cos- 



sin- 



Sin - — 
B+O 



sin-sing 



= ;^^ - ^ (Art 171) 



sin-sm-2 



fiinfSO*— 2) coi 



A 
2 



. B . G ~ , JT^G' 

*^2'^^2 *^^2"®"^2 
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Similarly M A+B+C= 180», then 

COS— COS - 



197. The solution of equations involving Trigonometric 
cal Ratios is facilitated by transformations of the kind 
given in the present Chapter. For example; required to 
find the value of the angle A from the equation 

sin 7^ — sin ^ = sin 3^. 

By Art. 188, 

sin 7^ -sin ^ = 2 sin 3^ cos4-4; 

thus we have the equation 

2 sin ^A cos 4tA = sin ZA ; 

therefore either 

sin 3^=0, 

or cos44 = -. 

The former gives as the simplest solution 3^ =0^ and 
for the general solution 3^ = 7z 180^ 

The latter gives as the simplest solution ^A = 60^, and 
for the general solution 4^4 =n 360®=*= 60*. 

See Chapter xvni. 
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Examples. XX, 



Demonstrate the following thirty identitieB: 
sinS^-fsin^ 



COB 3^ + cos ^ 



=tan2^. 



^ C0S^4-Sin^ X « ># a A 

2« i — ; — i=tan2-4+sec2-4, 

C08-4— sin-4 

^ sin 5^ — sin 3-4 ... 

3. ji-i —J. =cot 4-4. 

cos3w4— cos5^ 

Sin -4 cos -4 —sin B coaB 

5. cos* 2-4 — cos* 3u4 = sin -4 sin 5 A. 

6. 8in^8m(-4 + 2^)-sin-Bsin(2^ + -B)-sinM-8in'-ff, 

sin ^ -f sin (A + B) + sin (A+2B) . . . p. 

^- cos^ + cos(^-f^) + cos(^ + 2^)""^^ "^ ^' 

8. 2 cos («- 1)-4 cos -4 -cos (n - 2)-4 = cos nA^ 

9. 2Bin(:^-46')coB(^+45«) 

=sin^-cos-S. 

10. (1 + cot A + cosec -4) (1 + cot -4 - cosec A) 

^A . A 
= cot-^-tan-, 

tan8^ _ 2oos 2^-t-l :; 

"• tan^ "2C0S2-4-1' /'* ' 
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12. 8m3^-0083^ = (sin^ + cos^)(4smu:l cos^-1). 

13. 8m^+ — Vi — -n =tan-oosA 

14. 2sec(-4+J5)(cofl«-4-sm*i?) 

= (sin 2^ + sia a5) cosec (-4 + JO- 

ZA ZA 

15. 2 sin —cos— cos 2^1 —2 sin ui 008^ COB 3^ 

=sin^. 

16. 2 (oos'-4 -sin'-4)=cos 2-4 (1 + cos"2^). 

17. sin(3^+JB)8in(3J[-jB)-sin(^ + ^)sin(^-^) 

:=sin4^ sin 2^ 

18. {cos(^+-B)+sin(-4--B)}{8in(^ + J9)+cos(^-^} 

=C08 2^(l+sin2-4). 

3 sin ^ —sin 3^ _ / sec 2A — l \t 
* 3co8^ + CQs3-4~ \sec23Ti/ * 

20. (cos ^ - sin -4) (cos 2-4 - sin 2-4) + sin 3^ = cos .4. 

21. (3sin4-4sin»-4)«+(4cos»^-3cos^)«=l. 

22. l-cos3^=(l-cos-4)(l + 2cos-4)*. 

A A 

23. tan- + 2sin2~cot-4=sinA 

2 ^ 

A A 

24. cos-4-sin.4 ta^ — s=cos2^+sin2-4 tan — . 



2 cos 2^ 2dri2.4 _ »/2 

eoBA+anA cos ^-sin.4 " cos (-4 +45*) ' 
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26. co8(^+5-C)+co«(^--B+(7)+cofl(^+(7-^) 

27. O06;P + 008y + 0O8;2r + COB(a? + y + ^) 

. x-^y y+z z-ha 

28. Bm(-4 + i?-(;) + 8m(.4 + C7-^)+gm(5+C--4) 

-Bin(^ + J?+C0=48inu^sinJ?8iiiC7. 

29. sin «+ sin y + sin ;;— sin (07+^4- ;2r) 

- . x+y . y+4r . z-i-x 
=4Bm-^sm^sm-2-, 

30. sin(^+^+(7) + sin(5+C-^)4-8in(-4 + (7-JB) 

-Bin(^+^-(7)=4sinCooB^ cos-B. 

It A +B-^0 -ISO^ demonstrate the following fi?e re- 
lations: 

31. 8in2^ + 8in2j9-sin2(7s4sin(7oo8^ cos^. 

^^ . A B^C . B C-A^ . C^^ A-^B 

32. Bin — cos +8m — cos — — — +sin — cos — ^ — 

=cos ^ + cos J&+ cos C 

33. 8in*-4 + sin'jB + sin'CT 

=2sin^sinCcos^ + 2sin^sin (7cosJ7+2sin^ sin^cosC 

_ . ♦-00S-4 +008^+008 (7 . A . C 
^ l-co8(7+cos^ + co8^==*^2 ^* 2- 



35. sin 2^(1 + 2 cos 2C7) + sin 2(7(1 + 2008 2^) 
+ sln 2^(1 + 2008 2 J5) 

«4sin(C'-^) sin(-4-C) 8in(J9-^). 
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8dTe the following fire equatioim : 

36. sin^+cos2j?=l. 

37. tan 4r=taB Ax. 

38. gm9a?+8ui5jr+28m'.j?sl. 

39. sin &p cos 3^= sin 9jp cos 7^. 

40. coBajrco8&jp=oos(a+<T);iToos(^+<;)^. 

41. Iftan^=2, tan^=3, tan(7==?2+V^ 
find tan(-4+^-C). 

42. Iftan^=|,tan^=^,tanC=J,tan2>=|, 

3 

tan^«--, shewthattan(^ + -S+(7+2)+JS') = l. 

43. if 2^^=^ + J?+ <7, shew that 

S S-A S-B S^G 
'^'2'^"~2~^"^2"^^*V^ 

+ sm- sin-g- sin^yS »ia V^ 

^ J? (7 

=cos-cos-cos-. 

44. If 2aS'=^ + 5+(7, shewthat 

cos»/S'+ cos«(^-'^) + cos'(/S'-^ +eos«(/S'-« ff) 
= 2 + 2 cos -4 cos jB cos (7. 

45. If vers^==r;p, versJS^J^, ?^r»C=l-2», and 
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Demonstrate the following ten identitie6 : 

46. oos-4 + co8jB+cOs(^ + (7) + co8(i?+C) 

, A+B^C C B-A 

= 4C08 2 cos- COS -^. 

47. tan--tan--tan— =tan-tan— tan — . 

4a sin*(5-^)+sm«(5--4 + (7) 

-2sin(^-44)sin(5--4 + C)«»(7*»m«a 

40. 4 cos 3^ sin3(60*--4)-4 Bin 3^ cos^(60«--4) 

= 3 sin (60* -4^). 

60. cos ^+cos(720--4) + co8(72«+^)+C06(144«-^) 
fcos(144'»+^) = 0. 

61. l+COS(^-5)fC08(5-CO + C08(C7-^) 

, A-B B-C C'A 

=4 cos -^- cos --y cos -^— . 

62. sin (^-5)+sin(^-(7) + «in ((;--«<) 

63. sin3(-4-16<>) 

«:4 cos (^ -46'*) cos (^ + US') sin (A - 16«). 

sin(2^-^-(7) sin (2^-^ -(7) 

8in(-4-jB)sin(^-(7) sin(i?--4)sin(jB-C) 

sin (2(7^.4 -jg) 
'*'sin(C-^) sin {C-B)" ' 

cosj^A-B-C) cos(2B-A -C) 

em{A'-B)an{A-C) sin(5--4)sin(J5-a) 

cos{2C-A'-B) 
"*■ sill (C-^) sin (C-^)" ^ 



64. 



66. 
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XXI. Dimsion of Angles. 

198. By Art 184^ we hay© 

A A 

cos^=2co8*-^-l = l-2sin*-5-.; 

hence Sin .^- /^~«>^^ -^ • ^^^^ 



A ^ /I -cos A A ^ /I 



2 



These formulse serre to determine the sine and the cosiiie 
of half an angle, when the cosine of the an^le is given. 
It will be seen that by reason of the double sign wd have 

A A 

tfco yalues for sin ~ and ttpo values for cos -^ correspond- 
ing to a given value of cos A. 

199. The reason why there is more than one value for 

A A 

sin - and cos — , corresponding to a given value of cos A, 

is that corresponding to a given value of the cosine there is 
more than one value of the angla 

Thus suppose that the angle COD has its cosine equal 
to cos ^, then an angle equal to four right angles di- 




minished by COD also has its cosine equal to cos ^ ; this 



iDgle 
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jle is denoted in the figure by the larger angle bounded 
7 OC and 01/. If we take COD for A, then \^A is the 
ngle COP, where OP is such that COP^POD. If we 
ake for A the larger angle bounded by OC and 02>',ihen 

A is the angle COP', where OP' issuchthat OOP' ^P'O/X. 
Jso the angle measured in the negatiye direction between 
!>Oand 01/ , that is the ansle COI/ has its cosine equal 
lo-cos J. If we take COlf for A, then ^ ^ is the angle 
[)DP", where OP' is such that COP'^P'OI/. 

It is easy to see on examining the figure that COP is 
sapplemient of COP, and that OP and OP'' are in thd 
le stoikht line. Hence it follows that the sines of 
lOP, COP and COP' are numerically equal but have-not 
P the same sign ; so also the cosines of C70P, COP and 
K^P'^ are mmierically equal but have not all the same sign. 

If any of the angles which we hare taken for ^ be in- 
reased by any multiple of four right angles, we shall ob-: 
yn an angle which has its cosine equal to cos ^ ; it will 
be found on examining the figure that the sine and the 
sbsine of half such an angle will coincide respectively with 
the «ne and the cosine of one of the angles which we have 
ilready taken for \A, 

j[ 

Thus we haye accounted for the fact that sm -— and 

cos ^ when expressed in terms of cos ^ haye each two 
values numerically equal but of opposite signs. 

200. By assuming the result obtained in Art. 168 we 
ean jiut the preceding explanation into a briefer form. 

All the angles which are comprised in the expression 
n360*±^, where n is any integer, positive or negative, 
have the same cosine as A. Hence we may expect that any 

formula which gives sin — in terms of cos A will include 

ibe sine of every angle which is comprised in the ex- 
pression ^ (tiSSO^deA), that is in the expression nlSO'rJr^^. 
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aDd= -Bin (*i-4) if n be odd. 

Amd thoB, hf Ait. 159, ire kare the two ralues -bsin^^ 
andiioi 



GBiiiiliriy ire nuty eztMNst that any fonnvla which giTOI 
008 — in tenna of cos A wiQ include the cosine of eyei^ 
angle compriaed in the ej^ression n l^^^^A* 

Now ooa (iil8a*Ai^)»co8(ifai^) if II be eyoDi 
and = —cos (:!;: ^ ^) if n be odd. 

And thus, by Art 159, we hare the two values tfeoos | ^^ 
and no more. 



SOI. If in any case we actually know the ralue of ^ wt 
know also the Talue of \A ; and then we can settle whidi 
siffn we ought to take in the formula for sin ^ A^ anl 
which sign we ought to take in the formula for cos ^ A}, 
And eyen if we do not know the exact yalue of A we may 
know sufficient to enable us to make this seledtion; for 
example, if we know that^ lies betwe^ 90^ and 180*^, thenj 
we know that ^ A lies between 45® and 90®, and the positiTa 
sign must be taken in both the formuke of Art 198. 

202. Bemarks similar to those which have been made 
in the last three Articles will be foimd ai>plicable also 
to numwous other results in Trigonometry in which the; 
double sign occurs; for examples we may mention the 
remaining results of the present Chapter, or the result 
sin-4= *Vi— 00?^, and others of the same kind, "We 
shall however not enurge on this point, for we have given 
enough to illustrate the general principle ; more applicationi 
will be found in Chapter vii. of the larger Trigonometry. 
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203. By Art 184 

A A 

sin -4 = 2 sin -5- cos — ; 



\ 



tDd l = sin*-s-+cos*- 



2^""- 2' 



k. 



(A A\} 

sin - + CO8 — j =l + 8in^, 

and (sin— -cos y) ^l-w"-^; 

tiierefore sin — + cos -^ =» * /^(l+sin^j (1), 



Uid sin ^-cos ^ = ± ^(l-sin-4 j (2). 



2 2 



Vhus as soon as the proper signs are known in (1) and (2) 
ve can by addition ana subtraction find expressions for 



A A 

in —and cos — in terms of sin A, 
2 M 



Let ns take the case in which ^ is an acute angle, then 
-r- lies between 0* and 46® ; thus sin — and cos — are both 

L iS 2 

A A 

fositiye, and cos -^ is greater than sin — . We must there- 

fare take the upper sign in (1) and the lower sign in (2), so 



sin — + cos iL = ^/(l + sin-4), 

A A 

sin- - cos — = - V(l-sin^); 

11 
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therefore 28m — = ^{l + wiA)-s/{l-BUiA)y 

A 

and 2co8-2 = ^{l-^vmA)-^ ^(l-sin^). 



204. As an example of the formulae of the preceding 
Article we will find the sine and the cosine of an angle of 9". 

2 sin 9«= ^/(l + sin 18<>) - ^/(l - sin 18<>), 

2 cos 9<* = J{\ + sm \%^) + ^(1 - sin IS**) ; 

l + sinl80=l + ^^ = ?i-^, 
4 4 

4 4 

Thus sin9« = \[ n/(3+ ^5)- ^/(5- ^/5) j, 

and cos 9^ = M \/(3 + n/5) + ^/(5- ^6) J . 

205. By Art 196 we have 

cos -4 = 4 cos^ 3" ~ 3 cos — , 

sin -4 = 3 sin — — 4 sin' — , 

o o 

Thus if cos -4 be given and we require cos -- we liave to 

o 

solve a cubic equation; and similarly if sin^ be given 
and we require sin ■— we have to solve a cubic equation. 
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Examples. XXI. 

1. Find the cosine of IH\ 

2. If A he between 90^ and 180*, shew that 

2 sin y - ^/(l +8m^)+ V(l-8in-4). 

3. If sin 224® = - 169, write down the Talne of sin 1 12*/ 

4. Shew that tan -^= * \/iTcos3 * Explain the 
double sign. 

5. Shew that sin A when expressed in terms of sin -^ 

2 

has two equal Talues of opposite signs ; and that oos A 
when expressed in terms of cos -^ ^^^ oi^7 one value : and 
give a geometrical illustration. 

6. Shew that 

cot U^^- ^\ -cot (45^+ ^) =2 tan ^. 

7. Shew that 
sin5^cosec'^sec^-cos5^sec'^cosec^— 8cot2A 

8.. Shew that* 

cos ^ 1 + cos -4 rt . « , .A 
= 2cot2^cot 



1 - cos ^ cos -4 2 * 

9. If asin^+6co8^=c=acosectf+5sec^, 
shew that (a^ - b^)Jai + bi = c, 

10. If 

Bin^+sin<^=m, cosd+cos<^ = w, andcos(d4-<^)=j!7, 



shew tliat 



m' 



'^ l-p 



rr l+p' 

11—2 
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XXII. Circular Measure. 



206. In practice angles are always estimated by means 
of degrees^ minutes and seconds; but there is another 
method of estimating angles which is very important in 
theory ^ which we will now explain. The object of the 
present Chapter is to establish and apply the following 
proposition : If with the point of intersection qf any two 
straight lines as centre a circle he described with any 
radius^ then the angle contained by the straight linet may 
be measured by tJie ratio which ths length qf the arc of 
the circle interested between the straight lines bears to 
the radius. 

207. The circuvnferences of circles f>ary as their radii. 

If a regalar polygon of any number of sides be inscribed 
in a circle, and a regular polygon of the same number of sides 
be inscribed in another circle, theperimeters of the polygons 
are as the radii of the circles. See Art. 138. This is true 
however great be the number of the sides ; and we may 
assume that b^ making the number of sides as lai^ge as we 
please the perimeters of the polygons will not d^OTer sen- 
sibly from tne perimeters of the corresponding circles. 

For a fuller exhibition of this demonstration the stu- 
dent may consult Chapter II. of the larger work on Trigo- 
nometry. 

208. Thus the ratio of the circumference of a circle to 
its radius is constant whatever be the magnitude of the 
circle ; therefore of course the ratio of the circwmferenoe 
to the diameter is also constant. The numerical value of 
the ratio of the circumference of a circle to its diameter 
cannot be stated exactly ; but it is shewn in the larger 
work on Trigonometry that the ratio may be calculated to 
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any degree of approximatioiL The value is approximately 
equal to y, and still more nearly e<iiial to -r» ; the valne 
correct to eight places of decimals is 3'14159265... 

The symbol ir is invariably used to denote the ratio of 
the circumference of a circle to its diameter; hence if r 
denote the radius of a circle its circumference is 2irr, where 

ir =314159265... 



209. TJie angle 9ubtended at the centre of a circle hy 
an arc which is equal in length to the radius is an in- 
variable angle. 




With centre O and any radius OA describe a circle ; 
let AB be an arc of this circle equal in length to the 
radius. Then, since angles at the centre of a circle are 
proportional to the arcs on which they stand, 

angle ^0J9 arc^.g 

4 right angles ~ circumference of the circle 

2irr 27r ' 

therefore angle AOB^^^^^^^^^^^^. 
27r 

Thus the angle AOB is a certain fraction of four right 
angles, which is constant^ whatever may be the radius of 
the circle. 
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210. Since the angle subtended at the centre of a circle 
by an arc which is equal to the radius is an invariable 
angle it may be taken as the unit of angular measurement, 
and then any angle will be estimated by the ratio which it 
bears to this unit. 

Let AOC be any angle ; with as centre and any radius 
OA describe a circle ; let AB be an arc of this circle equal 




in length to the radius ; let r denote the radius, and / the 
length of the arc ^(7. 

Then, since angles at the centre of a circle are propor- 
tional to the arcs on which they stand, 

2,ng\QA0C AC _l_ 
Bxig\eAO£~'AB r' 

therefore angle AOC=- x angle AOB ; this result is true 

whatever the unit of angular measurement may be, the 
same unit of course being used for the two angles. If we 
take the anele AOB itself for the unit, then this angle must 
be denoted Dy unity; 

thus angle -40(7=-. 

211. We have thus shewn that any angle may be 
estimated by a fraction which has for its numerator the 
arc which the angle intercepts on any circle having its 
centre at the angular point, and for its denominator the 
radius of that circle. And in this mode of estimating 
angles the unit, that is the angle denoted by unity, i& the 
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angle in which the arc intercepted is equal to the radius. 

We have shewn that this angle is ^J^^ ?5^ . hence the 

27r ' 

number of degrees contained in the angle is -— - , that is 

Ztt 
180 
. If we use the approximate value of v given in Art 208, 

180 
W6 shall find that — = 67-29577951...; this therefore 

is the number of degrees contained in the angle which is 
subtended at the centre of a circle by an arc equal to the 
radius. 

212. Thus there are two methods of forming an idea 
of the magnitude of an angle which is estimated by the 
fraction arc divided by radius. Suppose, for example, we 

Q 

speak of the angle j : we may refer to the unit of angular 

measurement which is an angle containing about 57 degrees, 
and imagine three-fourths of this unit to be taken ; or 
without thinking about the unit at all, we ma^ suppose that 
an an^le is taken such that the arc subtending it is three- 
fourths of the corresponding radius. 

The fraction arc divided by radius is called the cir- 
cular measure of an angle. Since, as we have already 
stated, this method of measuring angles is veir much used 
in theoretical investigations^ it is sometimes called the theo- 
retical method. 

213. If r denote the radius of a circle the circumference 
is 27rr ; hence the circular measure of four right angles is 

, that is 27r. The cu'cular measure of two right angles 

is ?r; the circular measure of one right angle is - ; and the 

ntr 
circular measure of n right angles is -^, where n may be 

either integral or fractional. 
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214. We will now shew how to connect the circtdar*- M 
measure of any angle with the measure of the same angle j 
in deffrees, "^ 

Let X denote the number of degrees in any angle, 6 the 
circular measure of the same angle. Since there are 180 1 

degrees in two right angles, r^ expresses the ratio of this \ 
loO 

angle to two right angles. And since ir is the circular '^ 
measure of two right angles, - also expresses the ratio of 

IT 

the angle to two right angles. ^ 

Hence 

thus 

and 



215. For example, the circular measiu*e of an angle of 

one degree is r^, the circular measure of .an angle of 
180 

three degrees is -^, that is ^ ; the circular measure of 

an angle of one second is ^qq x so x 60 ' ^^ ^ ^^ 

2 

Again, if the circular measure of an angle is -, the 

2 180 
number of degrees contained in the angle is - * — ; that 

2 
is - of 57'29577951...; if the circular measure of an 

o 



X 

180" 





x = 


180^ 


$-- 


TTX 

"180- 
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tagle is 69 the number of degrees contained in the angle 

[ 180 

1 5 . — , that is 5 X 57*29577951... ; and so on. 

IT 

The student who intends to proceed to the higher parts 
I mathematics is recommended to pay particular attention 
the points illustrated by these examples ; especially he 
bould accustom himself to express readily in circular mea- 
fere an angle which is given in degrees. 

216. Similarly we may connect the drcular measure of 
ny angle with the measure of the same angle in grades. 

Let y denote the number of grades in any angle, $ the 
iicular measure of the same angle. Since there are 200 

ludes in two right angles, ^ expresses the ratio of this 

ligle to two right angles. And since ir is the circular mea- 

nre of two right %ngles, -• also expresses the ratio of the 

TT 



Dgle to two right a 


ngles. 


Hence 


y _^. 

200 tt' 


has 


200 tf 

^ IT 


Dd 


200 



The number of grades in the angle which is the unit 
200 
If circular measure is — , that is 63*661977.... 



TT 
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Examples. XXII. 



Express the followiDg three angles in circular measure: 
1. ^ of a right angle. 2. 24« SO'. 3. SO'. 

o 

Find the number of degi*ee8 in the following three angles 
which are expressed in circular measure: 

4. 2i. 5. -6. 6. -376. 

7. If the length of an arc of a circle which subtends 
3° at the centre be 6 feet, find the radius, and the length Of 
an arc subtending 3 grades. 

8. Find the number of degrees in the angle subtended 
at the centre by an arc of 7 feet when the radius is 10 feet 

9. The radius of a circle is 20 feet: determine thei 
length of an arc which subtends an angle of 30® at the 
centre. 



10. The circular measure of the difference of the two 

TT 

18* 



acute angles of a right-angled triangle is r^ : express the 



two angles in degrees. 

11. The angles of a triangle are in Arithmetical 
Progression; and the circular measure of the Common 

Difference is - : determine the angles. 

12. Find the circular measure of the angle which is thai 
difference of m degrees and n grades. 

13. Compare the angle a® V with the angle a^&\ : 



[i 
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14. If n be any whole number, shew that 

Bgle contains a whole number both of 
nd of French minutes. 

15. What must be the unit angle if 
keasnre of a degree- and a grade is 1 ? 

16. An angle is made up of two parts, one containing 
degrees and the other containing h grades : compare the 
Igle with a right angle. 

17. U A-^B+ (7= 180«, shew that 

tan^ + tan^ + tanC7=tanui tanj9tan(7. 

18. If the tangents of the three angles of a triangle be 
the numbers 1, 2, 3^ shew that they must be equal to 
2,3. 

19. Haying given tan (a + ^) tan (a - ^) = k, find sin B, 

20. If cos A cos ZA = — , then sin* A=-, 

lo o 

21. If COS (*-2a) + cos («-2i3)=cos(*-27)+cos («-25), 

where *=a+j3+y4-d, 
then tan a tan /3 = tan y tan d. 

22. Shew that 

2cos5«37'30''= ^2+ ^{2+ V(2+ ^/2)}] 

C A 

23. If in a triangle 3 tan - = cot — , shew that the sides 

be in Arithmetical Progression. 

24. The triangle in which 



5 -4 cos ^ 
6— 4 cos C 



sinM 



either isosceles, or such that the sides are in Arithmeti- 
cal Progression. 
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XXIIL Area qf a drde, 

217. The principal object of the present Chapter is to 
find an expression for the area of a circle ; we shall give 
some important preliminary propositions. 

218. If B h^ the circular measure qf a positive an* 
gle less than a right angle, is greater than sin and less 
thun tan 0, 




Let AOB be an angle less than a right angle, and let 
OB=OA; from B draw BM perpendicular to OA and 
pi9odace it to (7 so that MC=MB; draw BT at right 
angles to OB meeting OA produced at Ty and join CT. 

Then the triangles MOC and MOB are equal in all 
respects, so that the angle TOC=ike angle TOB; ther^ 
fore the triangles TOC and TOB are equal in all respects, 
so that TCO w a right angle, and TC= TB. 

With centre and radius OB describe an arc of a 
circle BAC; this will touch J^^at B and CTsX C, 

Now we assume as an axiom that the straight line BO 
is less than the arc BAG-, thus BM, the half (SBC, is less 

than BA, the half of the arc BAC\ therefore -q^ is lees 
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km jr^ ; that is, the sine of AOB is less thi 

Leasoreof^O^. 

I Again, we assume as an axiom that the arc . 
kan the sum of the two exterior straight line 

HA 
V) thus BA is less than BT ; therefore jr^ i8\oirti than 

\T 

^ ; that is, the circular measure of AOB is less than the 

Hgentof^O^. 

Hence sin^, $, and tan^ are in ascending order of 

lagnitude if ^ be less than — • 

219. The limit qf —k- when is indefinitely di- 

nnished is unity. 

For sin 6, 6, and tan^ are in ascending order; divide 
/9 1 

ir tm$; therefore 1, -7—3, and — ^ are in ascending 
' ' ' smd' cos^ "^ 

n 

irder of magnitude. Thus -r— ^ lies in value between 
^ sm^ 

and — g ; but when is zero, cos is unity ; hence as 6 

' $ 

iminishes indefinitely -; — ^ approaches the limit unity. 

berefore also — -^ approaches the limit unity. And 

^tand sin^ 1 xi. i- -x r *»» ^ i. /» • • 
i — yj— = -w- X 21 J tbe limit of —^— when 6 is m- 

U U COS u u 

lefinitely diminished is also unity. 

[ 220. To find the area qf a circle. 

Let r be the radius of a circle. Suppose a regular 
|»lygon of n sides described about the circle. Then the 
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circular measure of the angle which each side Kubtends % 

the centre of the circle is — ; and therefore, by Art. 139 

IT 

the area of the polygon is wr^tan-. 

. IT 

.., sm- 
Nownr2taii- = ;;-;;:- 

Suppose n to increase without limit, then the area of tin 
polygon approximates continually to the area of the circii 
as the limit, and therefore the area of the circle will \h 
equal to the limit of the above expression. 

But when n is indefinitely great 

sm- 
C08-=l, -=^=1; (Art. 219) 
n 
therefore the area of a circle qf radius r = ttt*. 
221. To find the area qfa sector of a circle. 

Let ^ be the circular measure of the angle of the sector 
then, by Euclid vi. 33, 

area of sector _B_ ^ 
area of circle "~ 27r * 
^ e r^9 
therefore area of sector = ^^ ^ 2x ~ "2~ * 

Thus the area of a sector is equal to ha^f the product 
qf the square qf the radius into the circular measure qf 
the angle. 

Since is tlie circular measure of the angle the length 
of the arc of the sector is rO ; hence the area of a sector is 
equal to half the product qf the length qf the arc into the 
radius. 
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ExAMPLEd. XXIII. 

1. With the angular points of an equilateral triangle 
I centres, and a radius equal to half the side arcs are 
lescribed touching each other: determine the area of the 
l^e which they form. 

2. A chord of length r is placed in a circle of radius 
': determine the areas of the two segments into which 
lie chord divides the circle. 

a A circle is described round a triangle the angles of 
diich are 46®, 60®, and 76® respectively: determine the 
ireas of the segments of the circle cut on by the sides. 

4. Two circles touch each other, and a common tan- 
gent is drawn. Supposing their radii to be r and 3r 
^pectively, shew that the area of the curvilinear triangle 
bunded by the two circles and the common tangent is 

(4V3-!i-')^. 

6. From the formula cos ^=1-2 sin* - , shew that 
K» 6 is greater than 1 — — . 

6. If —2— + — 2 has its least possible arithmetical 

6 cos 6 *^ 

mlue, shew that is greater than ^/3 - 1. 

7. Shew that iaitny triangle 

^ O . C 

cos - sm - 

c=(a-&)-^jr:5 = (a-f-&)-^.^. 

sm-g- cos-g— 
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8. The vertical angle of a triangle is 120^, and the dif- 

4 
ference of the sides is equal to - of the base : find the other 

angles. 

L sin 12« SO' =9-3465794, log 2=-3010300. 

L sin \^ 61'=9-3471336, log 3= '4771213. 

9. One of the angles of a plane triangle is 60^ and the 
side opposite is to the difference of the two sides induding 
it as 9 is to 2 : find the other angles. 

L cos 1^ 64' 10" = 9-2843730, log 3 = '4771213, 
L cos 78® 64' 20" = 9'2842656. 

10. In a triangle a =19, 6=1, ^-5 = 90<»: flndC. 
L tan 41*59' = 9-9641834, log 3 = '4771213, 

Z tan 42* «9-9544374. 

11. A person standing in the same plane with two ver- 
tical poles, and at a distance from the iiearer equal to the 
cQstance a between them, sees their saramits in the same 
direction. After walking in a straight horizontal line h feet 
towards the nearer pole he observes that the altitude of 
one summit is double that of the other. Determine the 
heights of the two summits. 

12. From the deck of a ship which is sailing due North 
a lighthouse is observed due East, and the altitude of its 
summit is found to be 12*26'. After the ship has sailed 
ten miles the lighthouse is again observed, and its altitude 
is found to 7* 17'. Find how far the lighthouse was dis- 
tant from the ship at the first observation. 

Zsin 5* 9' =8 9530996, Zsin 7* 17' = 91030373, 

Z sin 19* 43' = 9-5281053, Z sin 77* 34'= 9*9896932, 

log 7-1142= -8521261, log 7-1143= '8521322. 
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XXIV. Inverse Notation, 

222. The equation sia a;=a asserts that ^ is an angle 
if which the sine is a; it is found conyenient to be able to 
upress this relation also in another way, in which jp stands 
lone. The notation used is this, a?=sin~^a. Similarly 
=cos'~^a expresses that x is an angle of which the cosine 
a; and ^=tan''^a expresses that ;r is an angle of which 
le tangent is a ; and so on. 

223. Any relation which has been established among 
fri^^tjuometrical Ratios may be expressed by means of the 
Qvurse notation. Thus, for example, we know that 

cos 2^=2 cos' tf-1; 
&iA may be written 

2^=008-1(2 cos*^-l): 

appose that cos ^ = a, so that = cos"* a, • 

lus 2 cos-^a = co8"\2a' - 1). 

Again, we know that 

8m2d=2sin^cos^; 
kis may be written 

2$ = sin-i (2 sm 6 cos 6) : 
tppose that sin ^ = a, so that B = sin-^o, and cos ^ = sll—a\ 
jtlius 2 mr^a = sin-^ (2a n/i — a^). 

224. Also any relation which is expressed in the 
kverse notation may be converted into a relation expressed 
ii the ordinary notation. Thus, for example, suppose we 
lave giyen Uiat 

2 tan-ia=tan-i = « ; 

take the tangents of both sides ; thus 

tan (2 tan"ia)= ; i : 

I— or 

12 
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suppose that tan-^ a= ^, so that a=tan B^ 

X «>i 2tan^ 
thus tan 2^=; — r — =-i. 

1— tan'd 

225. As an example of the inverse notation suppose 
we require the value of sin (8in"*a + cos"^ h). 

Let sin-^a=-4, and cos~^6=-S; then the proposed 
expression becomes 

sm(^ -{-B) or sin A cos j8+cos A sin By 

now Bin^=a, cos-4 = V(l— «*)> 

cosjB=&, sin J5=is/(l-2>»); 

therefore sin(sin"ia + cos-i6)=a5+ N/(l-a')V(l-^ 

For a numerical illustration take a = ^, and h = -\ 
therefore sin I sin-^ ^ + <50s~* aj^i'*"!"^* 
We may express this relation also Ihus, 
sin~^ s + cos-^ 5 = sin"*l. 

Bince sm r-= 1 we have as one possible result^ 

ani_+oosi2=2- 
Examples, like the result just given, are often proposed 
for exerdse ; but it should be remembered that sin"^ - and 

cos"^- both have an infinite number of values, and thuS; 

^ is merely one out of an infinite number of possible values 
of the left-hand member. See Chapter xvin. 
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Examples. XXIV. 

I. If sin 6= ay express in the inverse notation 

sin 3^ = 3 sin ^-48in" ^. 

I 2. If tan 0=ay express in the inverse notation 
. .. 3tand-tan3^ 

3. Shew that cos (2 tan-^a) = -^^ , 

4. Express without inverse notation 

sin"^tan-: and tan sm"'— ^j^ . 

6. Shew that ian-^ | + cosec"' »JiQ = j , 

2 5 33 * 

6. Shew that 2tan-*--cosec-^- = sin-i — . 

7. In any right-angled triangle, in which (7 is the right 
ftgle, __ 

8. Shew that 2 tan-^ -+cos-^ 6 ~ f • 

9. Shew that 

sin-^ (cos x) + cos'^ (sin y)+x-^y=^ir. 

. 10. If tan-*;r+tan~^3a?=tan''*-find«. 

II. Iftan-^^±^+taji-^ — '^ = ^,shewthat 

a a 6' 



12. If ^=sin-*^+ tan~^ii?, shew that 



aj*=2aV3. 
^Xy she? 
n/5-1 



■ 2 



12—2 



MISCELLANEOUS EXAMPLES. 

1. The difference of two angles of an isosceles triao^ 
is 20 grades : determine all the angles in d^^rees. 

2. Find the simplest Yalne of x from sin 4;r= cos 5^. 

3. Find sin » from the equation 

4 8in;i?+3 oos;p=6. 

4. Ifsm^+coB^scsinufl+cos^, shewthatsinarmi] 
be eqiuJ to sin ^ or to cos uii. 

5. Find the greatest Yalne of sin iP cos ^. 
» 6. Find the least yalne of tan x+ cot ar. 

7. Liairiangle sin^C=sin'^+sin'^: shew that tl 
•triangle is right-uigled. 

a One angle of a triangle exceeds the difference 
the other two by 60^, and exceeds the smaller of the otii 
two by 50 grades : find the angles. 

9. In a plane triangle the length of the perpendicul 
let fall from the angle A on the opposite side 

ysinC^+c'sin^ 

,« «!. XI. xl+8ui2.4 1,, . ^., ; 

10. Shewthatj^p^^ = -(l+tan^)l 

11. Shew that 

sin 3^ -f cos 3^ _ 2 sin 2^ + 1 . . ^ . 
sin3-4-cos3^'~2sin2Jl-l^^^^'^ ^^• 

12. Given 

log 75*6 = 1-8786218, find log '756 and log (0766)*. 
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13. Find the yalne of 

a 006 2^+ 6 sin 2^ whentan^=-. 

a 

. 14. The sides Oyh^c of 2k triangle are as the nnmberB 
1^ 5, 6 ; find the angle B, 

log 2 = -3010300, L cos 27® 63' = 9*9464040, 

X cos 27*54' =9-9463371. 

I 15. Shew that 

sin -4 cos {B-C^-wi Bem(A- C)=sin (-4-^5) oos C. 

\ 16. If cos(a-^)sin(7-^)=coB(a^-/3)sin (y + d), then 
Ot d = cot a cot iS cot y. 

17. If^+-B+C=90^then 
cos^-f 8in(7-sin^ _ l+tan^w4 
cos^+sin C-sin -4 "" 1 +tan J-S ' 

18. Find the other angles in a triangle when 
-4=6«37'24"and3c=76, 

^ log 2 =-3010300, Z tan 8® 13' 50"= 91603083, 

Z, tan 3« 18' 42" = 87624080, Z, tan 8^' 14' = 91604669. 

I 19. If ^+^=90^ then sm(^-^=?- cos 2A and 
Un2^+sin2^=2co8(^-j9). 

20. The hypotennse ^ of a right-angled triangle ABG 
S trisected at the points D, E : shew that if CD^ CE be 
pAned the snm of the squares on the sides of the triangle 

21. If Off y, z be the lengths of the straight lines 
Usecting the angles of a triangle, and terminate by the 
opposite sides a, &, c ; shew that 

(6+(j)«g + (c+a)»g+(a+&)«^ = (a+6+c)». 



1S2 MISCELLANEOUS EXAMPLES. 

22. The sides AB, BC, CD, DA of a quadrilateral 
figure inscribed in a circle are in a geometrical progression, 
of which the common ratio is r ; shew that 

JAu ABC f^-l 
tsjuBCD^r^-^l' 

23. The tangents of the angles of a certain triangle 
are 1, 2, 3 : if j^i, p^^Pz be the perpendiculars on the sides 
from the opposite angles, shew that 6pi p, p^=Zahc, 

24. Shewthattan(^ + 30<>)tan(^-800)=l^|^|^. 

25. If -4+-S+C7=180«, 

COtTT+COtTT . *, 

2 2 _ sm jg 

.B . C~ onA' 

C0t- + C0t^ 

26. At noon a column in the E.S.E. cast upon the 
ground a shadow the extremity of which was in the direc- 
tion N.E. ; the an£[1e of elevation of the column being a, 
and the distance of the extremity of the shadow from the 
column Of determine the height of the cdumn. 

27. Eliminate $ from the equations 

a tan 0+h sec 6=c, 
of cot d^V oo8ec$-<f, 

28. Shew that 

l + cos(2^-2J3) cos25 = cos"u4+cos"(^-25). 

29. Shew that 

COS (36*+^) cos (3«»-^)+cos (64»+^) cos (54<»-^) 

=:cos2il. 

30. In a right-angled triangle CD and CE are drawn 
from the right angle to the hypotenuse making angles a 
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nd P with the hypotenuse, of whichjS is the greater : 
ihew that the area of the triangle CDEia 

^(cota-cot)8). 

31. Solve 8*. 126«-= 2^+«. 6', having given 

log 2 = -3010300. 

32. Solve the equation 

tan (a^+45*) +tan (^-46®) = 2 tan 60^ 

33. Solve the equation 

2 + cot'a; = 3 800*07 - tan* ar. 

34. If sm^ = sin a sin (;i? + y), then 

sin a sin y 



1— sino cosy 

35. Eliminate B between the eqaations 

a BinO -^-b cos 0=h, 
a cos ^-6sin^=A;. 

36. Find sin x and cos a? if a sin a? + ft cos ir= /v/(«*+&*). 

37. Given log 5 ='6989700, log 7 =-8460980, find the 

aes of 4, 3-5, -0014, and ^ . 
125 

38. Given log 2 and log 3, find the logs of 27, 36, 54^ 
(W26, andi?. 

39. The sides of a triangle are respectively 31, 24, and 
11 feet : determine the greatest angle. 

40. If tana? =008 a tan y, then 

tan' - sin 2y 
tan(y-a?)= 



l+tan'^cos2y 
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41. Shew that 
Bin2(^+J5)+cos*(-4-J5)=l + sin2^Bm25. 

42. Shew that 

cos' 6^ = cos 4^ cos QA + sin'-i. 

43. Shew that 

^A 2^mA-^m2A 
^ 2~2sin-4 + sin2^* 

44. Shew that log^a has always the same sign as 
(a-l)(&-l). 

/2 11 

45. Ifcos^ = ^-,andcos5=--^ + 2j3,shewthat 

sin(-4-J5)=|. 

46. Shew that 

cos 9^ + 3 cos 7^ 4- 3 cos 6 A + cos 3^ = 8 cosM cos 6-4. 

47. A triangular field has its sides respectively 60, 
60, 70 yards in length: find its area, having given 

log 2 = -3010300, log 1469 = -1670218, 

log 3 =-4771213, log 1-470 =-1673173. 

48. If ^, -S, O are the angles of a triangle, 

A B. ^ ., C 

cos-rr + COS — IS greater than cos - . 

2 22 ^ 



49. If A, B, C are the angles of a triangle, 

sin IT + sin "- is greater than cos — . 
2 2 ^ 



50. If Aj By C are the angles of an acute-angled 
triangle, sin -^+ sin ^ is greater than sin — . 



ANSWERS. 

I. 1. eO*. ,2. 1"6. 3. 1'. 4. l(K-926. 

6. 30"776. 6. 74'-925. 7. 27^ 8. 3«9'. 

9. 9»22'67''. 10. ISMrCl". 11. 27<^68'3". 

12. 68^8068. 13. 18",2(K. 14. 66* 16', 62^-6. 
16. 61«-876,68'-76. 16. 63«-28l26, 7(K*3126. 17. 60^66*8. 

18. 36®, 40'. 19. 18S9«. 20. 64^36^. 21. 64. 

22. 32-4. 23. Ill J. 24. 186^. 26. 34 to 27. 



II. 1. 
4. sm^^ 



11 
61* 



6 
'I3- 



7. cos ^ = 



m«+r 



2. cos^ = 

sin -4 = -. 
o 

8. miA=: 



9 



41* 
6. 



« . J 24 
3. sm^=2^. 



A 2J2 
COB -4=-^— 



III. I. 30«. 2. 60*>. 

& 46<>or60*. 6. 16« or 76« 
8. A = eO%B=45\ 
10. ^ = 18®,^=24«. 



3. 60«. 4. 60^ 

7. ^=46S-e = 30*. 

9. ^ = 45^5-16^ 

11. ^ = 10«,^=6^ 

12. -4=46<',j5=46®. 13. A^W, B=30\ C==16\ 

tan 22i»= a/( jItj:]) i it may be reduced to ^/2 - 1. 

1^/3—1 
16. 2T72 +/J3 + 1 ' ^^ m*y ^ *^^ced to ^6- ^3+ V2-2. 

/3 + 1 
16. 2x/24-iJ3-l ' it "**y Produced to V6+ ^3- ^/2-2. 
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IV. 1. sin^ 



21 . 20 

=29'«^«t4=29- 



2«»+2«m + w« ^{p'+q^)J(m*+n^' 



cobA- 



pn—gm 



-B«75»orl5*. 6. ^=30«or60^J?=60«or300. 

6. -4 = 15« or 76^ 5= 75« or 15<». 7. -4 = 15<> or~75^ 



-ff=76«orl6« 



100 
n/3 



feet. 10. 60 (3 - ^/3) yards. 



11. 10(3+2 V3)feet^ 10^/3 feet 



12. 



aV3 
4 



-?•. 



14. 27 feet 



15. 1 or 2 : assume 2h for 



the height of the post, then we shall find that the distance 
of the point of observation is either h or 2h, 
16. (a+&}(2-V3). 17. 100 feet 

h I 



18. 



^ + 70 

V. 1. 8. 2. 

7. 1-2652726. 

10. 3-81 15752. 

13. -6354839. 

16. 2-4771213. 

19. 1-7993406. 

22. -0511525. 

26. -3521825. 

27. 1-7041854. 
14x15x15 



= - gives A=35; 35+6=40. 



»■!■ 



-I- 



6. 



6. 



8. 1-7781613. 
11. 3-8573326. 
1-8573326. 
1-7406162. 
20. T-2640466. 
23. -0880456. 



14. 
17. 



28. -s 



315=- 



10 



30. 



2' ^' 5 
9. 2-3344639. 
12. 1-6478174. 
15. 1-6740313. 
18. "1-6366006. 
21. 3-3565614. 
24. '0263938. 
26. 0,2,2,5; 3-1618804. 

29. 4*4983106. Observe 
2-log2 



2-21 



r = 1-2153383. 
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31. 


" _o.|^/»Ai>fq 






2-21og2-^^^''^*^- 




32. 


" f)o>^i;Ai*> 






3log3 + 21og2-2-^''^^^^ 






VL 1. 2-6389060. 2. 66180633. 


3. 


2-8663618. 


4. 


1-2435667. 6. 2-7866128. 


6. 


6*7916179. 


7. 


6160148, 8. -007601467. 


9. 


2. 


10. 


2-6633. 11. 9-7932666. 


12. 


9-7299388. 


13. 


9-8241849. 14. 9*9793629. 


16. 


9-6906364. 


16. 


9-7154681. 17. 101660011. 


la 


10-2618877, 


19. 


10*0171747, 9-4677109. 


20. 


16<>19'26". 



21. 6«63'8^ 22. 22* 28' 16''. 

23. 80<>62'61". 24. 142-7036. 

711. 1, a=76, 6=76^3. 2. -4=x30^ 6=100^/3. 

3. * = 80(2-V3), (5=80(^/6+ ^/2). 

4. -4 = 46^ c = 15j2, 6. a =97-082040, 5 = 70-634236. 

6. ^ = 43*36' 10", 6 = 210, 

7. 6=126(^2-1), c = 126^/(4-.2Ay2). 

a c:=5, ^=63»7'48". 9, 0=78*1648, 6^=17^-744. 

10. -4 = 36® 49' 44", 6 = 132-966. 

11. 6=59-8766, (;= 138-24. 12. ^ = 36«9'3", <;^23902. 

VIII. 1. 6 = 84^2,0=42(^24-^/6). 

2. -B = 30^, <?=48V3. 

3. i?=46« or 135S c=^(s/6 + 3^/2) or |(n^6+ J2). 

4. ^=90^<J=2^/2-^/6. 6. 5=30^ 6. ^ = 90», ^=60* 
7. a= 107*087, 6 = 96-5836. 8. <?=326-676. 

9. ^=560 13' 28" or 124*46' 32", c= 266342 or 87-389. 

10. J?=66<>9'8", c= 537*079. 

11. i?=40<>56'39", c= 106-736. 

12. A = 38* 26' 20", B = 67* 41' 24". 
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IX. 1. 108,120. 2. 75 grades. 3. 30^ 
4. tani^ = i. g. co8M=^(2- ,^2), C08 2^ = --^. 

11. Bin"-4 = -:; S-, Bin'^=— =77 =; also we may 

40 
have sm^=0, smj9=0. 14. 8in^= — . 

41 

• • Win— fii5— fia . - m— a— 6 
16. sm'a?= 7 TT — i:v , 8in*y = • 

21. ^=75^68' 60". 22. -4 = 38«15'8''. 

X. 1.30* or 160*. 3. j5=46^ 4. ^-90», <:=a>/3. 
6. 120^ 6. 90«. 7. 120«. 8. 14, 12. 10. 4-68267. 
14. ^pq- ^{l-p^il-q")}. 17. 30«orl60*. 

19« . fo — \ • 20. Substitute in the third equa- 

tion the yalues of tan^^ and tan'y from the first two; see 
Example ix. 16 : then reduce the result 

XL 1. 710919. 2. 226*623. 3. 1239633. 

4. 2?= 149*20' 31", (7=24*39'29". 

5. -B=116*'33'64", (7=26*33' 64". 

6. jB=76*44'66", a=63*69'6". 

7. ^=100*29^9", (7= 36* 0^61". 

8. ^=86* 34' 27", (7= 60* 16' 33". 

9. J9=68 2' 24", C=64*4' 19"-2. 

10. i5::=81*2'16", C=60*37'44", a=4-3486. 
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11. i?=23®8'33", C= 320 17' 27''. 

12. B = 35® 15' 62'', C= 84® 44' 8", C = 137*9796. 

13. jB = 17' 6' 45", C= 133* 2' 15". 

14. 5=51*41' 20", {7=58*6'39", logc=-9271876. 

15. 5=41* 19' 20" or 138* 40' 40", 
C= 106* 58' 40" or 8* 37' 20". 

16. 5=30* or 150*. 

17. ^ = 32* 67' 8". 

18. 43* 2' 56", 53* 46' 44", 83* 10' 20". 

19. 66* 16' 4", 59*51', 63* 63' 46". 

20. 70* 53' 36", 60*, 49* 6' 14". 

XII. 1. 72 feet 2. ^^^^ miles. 

3. 500 (is/3+ 1) yards. 4. 18^2 miles. 

5. 93-489 yards. 6. 166'823 feet. 

7. 228-6307 yards. 8. 280-015, 766-016 feet 

9. 212-858, 618186 feefc. 10. 238-602, 480*504 yards. 

11. E7*21'45"S. 12. 4 8in67i*-4sin22i*. 

13. Distance =^^5y^* ^^ ^^^ ^^ ^^^ E.N.B. of 

sm22J* ' ^ 

the second. 14. 40 ^/330 feet per minute. 

15. Height 80 feet ; distance 4800^330 feet 

16. If A be the height 3 (200)«= A*(4- a^O). 

18. Solve CEF knowing EF and the angles; then sohe 
AEGBndBFO. 21. 162 96. 22. 1514-396,4163-746. 
*fi3. , 509-7. 24. 2109-8. 

XIII. 1. 72^ 2. 36^ 64«. 8. a = 45^ )8=30« 

12. 10(^2-1), lOis/4-2^2. 

lo An J^ cosff cosa ^y- A cos ff sing 
^^- ^^" sin(a-)8) ' ^^= 8in(a-/S) ' 

14. ^=41*24'35", 5=^. 15. —57^8' 41", 5= J. 
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16. Let A C and BD meet at O; then the triangles AOB 
and COD are similar. 

XIV. 3.2^. 4.^. 5. iS'=2810, r:*21, 72^42J. I 

6. 6x(81)«. 7. 2466840. 8. 382094. 
16. The radius of the circle passing through the three 

points is — - — ; the tower is at the centre of this circle. : 

o \ 

XV. 6. 60«, 120^ 240«, 300*. 6. 22^®, 112i<>, 202i«, 292i«. 

7. 90», 210«, 330^ 8. 120» 180^ 240*. 

9. 16«, 75^ 195», 256^ 10. 67^*, 157i*, 247f , 337i^ i 

11. 0^ 30*, 150S 180^ 12. 60«, 90<>, 270^ 300*. ■ 

XVL 7. tan*^ + cotU=(tanJ[-eot^)«+2. 
11. 12160 + 6250^/2. 

XVII. 1. ---i^- 2.Bin70». 3.^. 4. ^^. j 

N^ ^ 2 1] 

1 

2 



6.-1. 6. g. 7. 2-^3. 8. -(2-V3). | 



9. ^/3. 10. -^. 11. -V3. 12. 1. * 

XVIII. 7. ^=(4n + l)90*. 8. 2^=n360»±3-4. 

XIX. 1. -1. 2. ^J^^. ' 

6. -\. ' 



(l-abf-ia+bf 2(a4-6)(I-(i6) 



I 
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XX. 27 may be deduced from 26 ; 28 may be deduced 
from 26 by changing angles into their complements; 29 
may be deduced from 28; 30 may be deduced from 26 by 
changing (7 into 90"- C 

36. x=n\S(fy or ^=nl80®+(-l)'»30^ 

37. 4ii?=a7+»180® 

Sa 2a? = (2n+ 1)90*, or 7a?=«180*+(-l)»30« 

39. 8d?=wl80®, or 8d?=w360*^±60^ 

40. (a + 6 + 2c)/i?=w360"±(a+&)ii?. 41. ^3. 

XXI 1 «>/<2+ 0/(2+ k/2)> ' , 13+N/3i 

XXII. 7. ^feet, ^4 feet 8. ^. 
9. — feet. 10. 50«, 40*. ' II. 40", 60^ SO*. 

12. fm-i-n')-^. 13. 55 60a+^ 

\ 10 ;i80 ^^- 27 aOOa + 6' ^^' ^^• 
10a +9& sin«a-A;cos*a 

^^- -900" • ^^- 11:^ • 

XXIII. 1. -g- , where a is a side of the triangle. 

2. The smaUer segment is ^ - ^^^^ . 
o 4 

fft 
6. Wo must have ^ = cos^, and therefore 1-- less 

than ft 8. 42<>60'22", 17® 9' 38''. 

9. 71"5'46", 48<>64'16". 10. 83* 68' 28". 

11. Let a be the height of the lower; then that of the 
other is 2x ; and 4iB2=(3i>-2a) (2rt-&). 

12. 711423 miles. 
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